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Abstract

The main object of this work is to establish the existence and uniqueness of a solution to
the 3D Navier-Stokes (NS) system for an incompressible fluid with viscosity. The
nonlinearity of the NS system, as well as the need to estimate velocity and pressure for
every value of the viscosity parameter make them challenging to solve. In this regard, in
the present work, we study the Navier-Stokes system, which describe the flow of a
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doi: 10.51483/IJPAMR.3.2.2023.33-47 | a Poisson type equation and plays a fundamental role in the theory of Navier-Stokes
systems in constructing analytic smooth (conditionally smooth) solutions.
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1. Introduction

In this work, we are not trying to consider the extensive references on the Navier-Stokes system, since there are
fundamental works in this area (Landau and Lifshith , 1987; Prantdl, 1961; Schlichting, 1974) and others. Some special
of the above problems were also investigated in the works (Scheffer, 1976; Beale et al., 1984; Fernandez-Dalgo and
Lemarié-Ricusset , 2021; Marcati and Schwab, 2020) etc.

It is known that the methods of integral transformations in the theory of partial differential equations made it
possible to find solutions to many problems (Sobolev, 1966; Friedman, 1958) and clarify the physical meaning of some
basic laws and phenomena in fluid mechanics. Therefore, this paper presents one of the developed transformations of
the said species.

In this regard, in the present work, we study the Navier-Stokes system, which describe the flow of a viscous
incompressible fluid filling all of R®, i.e.:

@-F(VV)V:f—iV P+IUAV, (1.1)
ot 0 (1.
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divv=0, (12)

with initial conditions
V|t:0 =y(x), VxeR’, (13)

where R® > l//( X ) is the known initial velocity vector, R’ > f(x,t)is external applied force (e.g. gravity), 0 < uis
kinematic viscosity, pis density, A is Laplace operator, V/ is Hamilton operator. These equations are to be solved for an
unknown velocity vector y ¢ R 3 and pressure P(x, 7), and Equation (2) just says that the fluid is incompressible.

1.1. Aim of Research

The main object of this work is to establish the existence and uniqueness of a solution to the Navier-Stokes system for
an incompressible fluid and at the same time, it is proved that:

a) The solutions of the transformed equations are regular with respect to the viscosity coefficient x4, and they simplify
the analysis of the original problem,

b) The found pressure distribution law, which is described by a Poisson type equation and plays a fundamental role in
the theory of Navier-Stokes systems in constructing analytic conditionally smooth (smooth) solutions.

c) At the same time, the obtained results meet the requirements of the “Navier-Stokes Millennium problem-NSMP”
(Fefterman, 2000).

In the introduced space G;h (D, ), the norm is defined as:

3 3
HV G31,/1(D0) B ;HVIIHG“DO) :; {OSZ Hl)kvl'HC(D ) * HV”””’) }’

k<2

HVtHn, :suppjh(s)‘vt(x,s)‘ds; hel'(0,0),0<h<h, =const <o,
R

Jh(s)ds < h, = const <o,(h, =max(h,,h,);D=R' xR _;D, =R’ x(0,»),
0

where k = (k,,k,,k; ) is the multi-index,

o _
oV, (i=13),

v=(v,v,v,), k=0:D"v,=v k#0:D"v,=————
Ox," 0x," 0x;"

|k|:ikj’(kj:0,],2,'j:],2), (14
J=1

A: In this regard, we note that in our early works, for example, in Omurov (2019), we proposed method for constructing

smooth (conditionally smooth) solutions of 3D Navier-Stokes equations in G,( D, = R’ x (0,7, )):

3 3
”V Glp) ~ ;||vi||6’(D1) :Z{ Z HDkvt‘chﬁ) +”V” ”1) i

i=1 0<|k<2
T

Il =sup [ s s
0
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with the condition:
v, =0(x)AVxeR’, ~(15)

where @( x ) is known scalar function, R* 5 2 is given vector with positive constant components: ) < A,,(i=1,3).
Since it takes place

feR , peR AeR’ :
divf =0, div(le)=0,
‘Dk(p‘ < B, =const, Vx R’, ..(1.6)

‘Dkfl.‘ﬁﬂj = const, ‘v’(x,t)eﬁj, (l'=1,_3),

then, we seek the solution of the Navier-Stokes problem in the form:
v=0A+uJ(x,t), (1.7

here R? < J is known vector-valued function of the form:

)dtds,(x,r€R’),

= F j j Tr > S (7.8 Jexp(=———— ( .

0<y<1,‘r:|x—r|: /Z(xi . ? s
i=1

exp( - o] ————)(t>5),

_,=0,VxeR’,

G(x,r,t—s)= 23(\/ﬂﬂ(t_s))3 du(t—s) (1.8)
0,(t<s),
L[G]= a—G—yAG 0,

and @('x,t) is a new unknown scalar function with the condition:

3
e‘t:o =¢(x), VXeR'. -(19)
Lemma 1: In case of (1.7), when conditions (1.2), (1.6) are satisfied, the inertial terms of Equation (1.1), taking into

account (1.7), are linearized with respect to the introduced function @( x,¢ ) and its derivatives.

Proof: In fact, under conditions (1.2) and (1.6), it follows from (1.7):

divf =0; divJ = j j div/(x+2&Ju(t—s),s Jexp(~|g|" )d&ds =

()Rg
.(1.10
T=x+2EJu(t—s)eR’; 0:divv=diV49/1+udivJ=z/1it9xi. (10

i=1

And since

3 -
(OAV )R =20(D 1,6, )=0,(i=13), (111
Jj=1
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then, on the basis of (1.7), (1.10) and (1.11), the inertial terms of Equation (1.1) are equivalently converted to the form:

(VW )V = (0AV JOA + l(OAN )J +( IV )]+ 1> (JV )J = u[(OAV )J +(JIV JOA]+

IV (112)

So this means that under condition (1.2), the inertial terms of Equation (1.1), taking into account (1.7), are linearized
with respect to the newly introduced function @( x,¢ ) and its derivatives with respect to y ¢ R, and the nonlinearity
goes over to the known vector of the function J('x,#) and partial derivatives with respect to y ¢ R*. Which was
required to show.

Further, substituting transformation (1.7) into NSE (1.1), we obtain a linear inhomogeneous differential equation of
the type of heat conduction with variable coefficients:

‘2—‘9&+ﬂ[(HW)J+(JV)9M+y(JV)J (1-p)f LV P (ua0), (L3
yo,

in this case,

.1 3 ] 3
MA=P, = (1= )+ 1Y T ) =N =P, — (1= )+’ Y I J,, ) =
P = P = (1.14)

a1 .
=AM = 1)
j=1

(1.14) is the condition of unequivocal compatibility for case (1.13), since @ is a scalar function.
Remark 1: The remark consists of two parts related to formula (1.7) and (1.14).

a: In transformation (1.7) it is assumes that: di\f = (). But this transformation can also be introduced in the case when:
divf #0 . For this purpose, let us introduce the vector function £ (x,¢),(x € R’ ):

fo =(f,(0,x,,x;,t)), f, (xI,O X3,t ), f5(%,,%,,0,8)),

divf”’ =a—f](0 362,363,t)+a fo(x,,0, xj,t)Jra f3(x,,x,,0,t)=0. -(0.1)
X

2 3

Then in this case, the vector function J| ( Xt ) is represented as:

J’ :(JO(O,xz,xj,t)),Jo(xI,0,x3,t),J0(x1,x2,0,t)),

drds —
Jio oy ——=(1=13, TeR’),
qu(t-s) Ju(t=s))’
J’|_,=0,Vxe R3, (02)

divJ’ = iJ]MiJg +iJ§ =0.
ox, ox, Ox;

Next, we obtain similar results as in the case of lemma 1.
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b: To understand (1.14) we give a concrete example from the field of the system of algebraic equations. For this purpose,
consider a system with one unknown quantity z, i.e.:

Az+a =Ab,(i=13). (03)

From here we see that if there is

Ala,=A'a,=2"a, = a, ~(04)
then z is uniquely defined in the form

z=b-a,. ..(0.5)

But z, can be defined differently, i.e.:
z=b—(A4+A+4,) " (a,+a,+a,) .(0.6)
or with respect to Equation (0.6), performing some mathematical transformation we obtain

az

—h— 1o 4 %) = p-
z=b—(4+4,+4;,) (4 ﬂj+/122 )(05) ..0.7)

1 2

This means that the first and second paths are equivalent. So, under condition (0.4), z is indeed uniquely determined
from (0.3). Which was required to show.

Note that condition (1.14) is an analogue of a condition like (0.4) for the system with scalar unknown. Therefore,
when we solve the system Equation (1.13) we choose the second path as shown in the case (0.6).

Next, the equation for the pressure is derived:

] 33

L AP =3 S v v, =t WY 2,0, 00,4 3050,0, 41,

P i=1 j=1 = o py iy

F, = 'uzii‘]ixj']jx," .(1.15)
i=l j=1

We are taking into account the operation div with respect to Equation (1.13), (that’s tantamount to applying the
operation div with respect to NSE (1.1), since (1.1) is equivalently converted to the form Equation (1.13) based on
transformation (1.7)), since takes places:

divf =0, div(6A)=0; div(ud0)A =0, div(AJ )=0, (divJ =0),

div{ul(OAV )J +(JV )JOA+ 1 (JV )J } =F, +y(2(2 i O, +Z(ZJ,X<9X )2,).

=l j=I =l j=I

Here, formula (1.15) modifies the Landau — Lifshitz formula (Landau and Lifshith, 1987) and is an of Poisson type.
Then it follows from Equation (1.15):

P(x,t)= J’épﬂ(r,t)dr,(x,reRU,

r= ; Q(x, t):—{F +y[2(z i )0, +z(z 0. ATk -(1.16)
at that
af
_P j/’-@(”)—df—fpﬂ(rt) Ydr(r-xeR), (1.17)
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where Equation (1.16) is called the Newtonian potential (Sobolev, 1966). On the other hand, a solution to the Poisson
Equation (1.15) tending to zero at infinity will be unique if the function Hx.,( i=123) is unique, since the
function £2('x,t ) contains these functions.

To prove the above, we note that the obtained pressure distribution law allows us to express the velocity in integral
formwhen v € R? . In fact, substituting transformation (1.17) into Equation (1.13) with allowance for condition (1.14),
we obtain an inhomogeneous linear integro-differential heat conduction equation with the Cauchy condition:

Ht :@+/’1B[0’Hx1’0x2’6x5]+ﬂ410’

6, =o(x).VxeR’, (1.18)

here the known functions contained in DE (1.18) are introduced on the basis of the notation:

=D, +D,; D, = d’Z(] ,u)f(xt)d—z/1>0

D, (x,1)=d;'[-u Z(ZJ,J,X )—%IZ

R} i=1

Fy(x+&:t)d&],

N |H\w

B6.6,.6,.0, 1= —{dg’e(.)z (D A0 )+ 2,6, (), ()+

3 ) ) S (1.19)
;= [ S S (S 40 (x4 £ (5+E)+ 3 (3 1 (x4

r k=117 =1 j=1 =l j=I

+6,0)0, (x+ EOAME N (r, =(E +E +E] ) h=x+EeR).

As aresult, problem (1.18) is transformed to a system of Volterra and Volterra-Abel equations of second kind, where
the solvability of this problem in G'( D , ) follows from the solvability of this system. Therefore, we obtain similar
conclusions for problem (1.1)-(1.3)in GI( D, ).

B: Similar issues were investigated in Omurov (2021), i.e., NSE (1.1), (1.2) with the condition:
V|, =0, VxeR’ teR, =[0,0), .(1.20)

at that f;('x,¢ ) is the component of a given external force f* admits the conditions:

f=0f1205) divf =0,

|D* f| < B(1+1)7 < B, =const, ((x,t)e D=R’xR, );q=const>1),
© ~(121)
jjf(x,z)dxdrzz, (AeR: 0<2 =const,i=13),

0R

and this means that R° 3 A is a vector with constant components: 0 < A,,(i=1,2,3), therefore, it becomes
possible to use modification of the method (1.7) of the previous sector, i.c.:

v=0l+u(l+t)?*J(xt), -(122)

where conditions of the form (1.8) are taken into account. At that €('x,¢ ) is a new unknown scalar function with the
condition:
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6 ,=0 VxeR’ (1.23)

Here transformation (1.22) differs from transformation (1.7), since € R . » therefore as a multiplier function, we
introduced:

Q(t)=(1+t)".

Hence, follow conditions (1.10), (1.11) we have
divf =0:

diVJ:ﬁjjdivf(x+25,/;{0—S),S)exp(_|§|2)d§ds:0,

0 R’
r=x+2EJu(t—s)eR’; divv=0: (1.24)
3
0=divv=divOi+pu(l+t)"divJ =) 16,

i=1

and

3 -
(OAV )0 =26(D 2,6, )=0,(i=13). (125)

J=1

Then, taking into account conditions (1.20), (1.24) and (1.25), the inertial terms of Equation (1.1) are equivalently
converted to the form:

(VW )V=(OAV JOA+ pu( 1+ ) [(OAV )J +(JIV JOA]+ 1P (1+1)>(JIV )J =

= pu(1+t)[(OAV )J +(JIV JOAT+ i’ (1+1 )2 (JV )J. .(1.26)

Constraints on external force of the form condition (1.21) make it possible to simplify the Navier-Stokes problem and
transform it into a system of integral equations of the second kind. In fact, on the basis of transformation (1.22)
condition (1.26), from NSE (1.1) follows the equation:

%—9/1+,u(1+t)q[(HﬂV)J+(JV)6?/1]+ L1+ IV )T =(1—pu(1+t) ) f +
t
tpug(1+1) "~ Lvp s uro)a, ~(1:27)
o,
since @ is a scalar function, then the condition:
3 3 3
A AT =AY AT, =AY A
= / J = J = E J
a1 _ ot e
4 I{ZPX, ~fi(I=p(140) )= pgq( 1+ ) T+ 2 (140)?7 ) T, Y=
Jj=1 ‘
1 _ (a+ g
= AR = 1= 1) )= g (1+0) i (14073 0, ) = 128)
j=1
3
- %’{é& (1= (107 )= (140 T 2 (1407 T T,
j=1

is the condition of unequivocal compatibility for case Equation (1.27). From where the equation for pressure is derived:
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)i 3 3 R 33
LAP =Y v v, = AR a1 T (S A, )0, + D T,.0, AT
P i=1 j=1 =1 j=1 =1 =1
F =i (11 ),Zqz (129)
i=1 j=1
where

divf =0; div(6,4)=0; div(ud6)A=0;divJ =0,

Aiviu(1+t ) L(OAN )T +( IV )JOA]+ 12 (1+1 )74 (IV )T = (1 +1 )*q(i (YA, )0, +

=l j=I

+Z(ZJ,X 6, )4 )+ F,.

i=l j=I

On the other hand, we note that it follows from Equation (1.29):

Q(x, t)——{F+/J(1+t) [Z(Z i, )6, +Z(ZJJX9A )41},

i=l  j=1 i=1  j=1

P(x,t)= jépﬂ(z‘,t)dr,(x,z’ eR’ r =|x—r|), .(1.30)
R3

here Equation (1.30) tends to zero at infinity, and there are second-order partial continuous derivatives, and for the first-
order partial derivatives it takes place:

ol

a—P jp.o(r t)—dr_jp.o(r t)

Therefore excluding pressure from Equation (1 .27) we obtain a linear differential equation with variable coefficients
and with the Cauchy condition of the form:

dr,(r—xeR3). .(131)

O=D+u(l+t)¢(x,t)+uA0,

0|t:0 =0, VxeR’,
S(x,0)=~d,"00) (D A1, ())+Ze ()1,()+d, (— | Z%[ (D A0 (x+

i=l =l k=t Ty i=t =i -(132)
+E,0)0, (x+E 1)+ (1, (x+E1)8, (x+E1)AVAE), (h=x+EeR),

i=1 =1
where

3
=0, +0,; D, Edo_]Z[(]_/U(I+t)_q)fi(x:t)+/1qa+t)_(q”)‘]i]’

i=1

D,(x,0)=d; [~ 1 (1+1)Y (YT, )——JZ§ Fy(x+&:t)dé]=

=1 j=1 T psi=1 1

(1Y (Y )——jzf (1+1)x (133)

=1 j=1 T psi=1 1

Y (o (¥4 &M (x4 GO, (1= (& + 8+ E ) dy =2 0,>0)

k=1




Taalaibek D. Omurov / Int.]. Pure&App.Math.Res. 3(2) (2023) 33-47 Page 41 of 47

In such an approach the solution of problem is reduced to finding two functions, ( x,¢ ) and ¢ (' x,t ). The latter
can be usually determined without difficulties and we will solve the equation with respectto {'('x,¢ ) by the Picard’s
method (Sobolev, 1966). Besides, since the function @ has continuous partial derivatives up to the second order
inclusive with respect to spatial coordinates, and a first order time derivative, then problem (1.32) with sufficiently
smooth data is solvable in WO( D ) . Therefore, based on transformation (1.22) we have similar conclusions for
problem (1.1) to (1.3) we obtain in W30 (D):

veR?,

wl(D) = Z” ”W“(D) _z{ H HC(D) Vtt”cu)) }

[Vl

2. Fluid with the Cauchy Condition (1.3)

Methods of analysis of physical phenomena are based on statements of corresponding mathematical problems formulated
by means of various kinds of functional equations and certain additional conditions. The solutions of these problems
may be considered the main aim of the theoretical investigation.

Let is the velocity vector satisfies conditions (1.2), (1.3) and takes place

jw(r)dr+jjf(r s)dtds=2, (feR ,1eR’,D,=R’x(0,0),D=R’ xR, ), )
0 R’
where R’ 3 A is a known vector with positive constant components: () < ﬂl,( 1= ], 3 ), and then applying the
transformation:

t
v=01+(exp( ey DJI(x,t), ~(22)

0

where 6(x,t) is the new unknown scalar function, and 0 < J, is the introduced constant, which ensures the
application of the Banach principle and the Picard’s method for the system of integral equations of Volterra-Abel type
of the second kind, into which the original problem is transformed, R* 5 J ( x,t) is the given vector:

2(1/ 1)) x=7|= WWTGRU,

J|_,=w(x) ‘v’xeR3,( 0<y<1; 0<6,=const<1),

2
1 |x - r|
G(x,7,t)=———exp(—),(t>0),
L[G]= oG _ HAG =0,
ot
where @('x,t) is a new unknown scalar function with the condition:
0(x,0)=0,YxeR’, (24
at that

divv=0, (divy=0): divJ= % j exp(—|&[ Jdivy (x+2& ut )d& =0,

(25
T=x+2EJut eR’; 0=divv= d1V(9/1)+(exp(——))d1VJ div(61) = Z@ﬂ @3)
o,

i=1
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Then, taking into account conditions (1.11) and (2.5), the inertial terms of Equation (1.1) are equivalently converted
to the form:

(vV )v :(HiV)Hl+(exp(—%))[(é%V)J+(JV)¢9/1]+(eXp(—2—;))(JV)J:
0 HO,

=(exp(—%))[(«%V)J%—(JV)9/1]+(exp(—2—;))(JV)J.

) HO,

-(2.6)

The conditions of the form (2.6) make it possible to simplify the Navier-Stokes problem and transform it into a system
of Volterian type integral equations of the second kind. In fact, on the basis of transformation (2.2) and (2.6), from NSE
(1.1) follows the equation:

00 t 1 t 2t
EEJF(GXP(—IU—%))[(@/W)J+(JV)49/1] —E(GXP(—E))J—(GXP(—E))X o
X(JV)J+ f—p VP+(ud6)A,

since @ is a scalar function, then the condition:
A, =40, =21,

A { B, ﬁ+(exp(——5))(2/1 I +(exp(——5))ZJ i, )} =

0 Jj=1 HO, Jj=1

= /15]{—& —/ +(exp(——5))(Zﬂ,J2xk, +(€xp(——5))ZJ,«J2X, )y =

e uo, -(28)

=34 { P, f3+(€XP(——5))(ZﬂJ3x +(€xp(——5))ZJ

0 HOy  j=i

is a univocal compatibility condition for Equation (2.7). In addition, the Poisson equation for pressure is derived in the
form:

—AP==) > v, v, =—{F,+ (exp(—— ))[Z (Z Ay )0, + DT, 6, )21 o)

P i=1 k=1 =1 j=1 i=1 =1

and it is obtained on the basis of method (2.2) by applying the operation div to Equation (1.1), (or (2.7)), since

3 3
divf =0, divJ =0,div(8,1)=0; div(ud6)i=0;,F, _exp(——)ZZJli

i=1 j=1

div{exp(—gL)[(t%V)J+(JV):9/1]+exp(—52—t)(JV)J y=F, +exp(—§—)><

oM oM 0

X(Z(z ] ix; )9 +Z(ZJ]X6)C )2“)

i=l j=1 i=l =1

On the other hand, we note that it follows from Equation (2.9):

Oxt)= - {F, +exp(——)[Z(Zz,J,x 8, + (3,0, )21}

(] i=1 j=1 i=l  j=I

P(x,t)= j P T (x TR, r=lx-1]) (2.10)
R3



Taalaibek D. Omurov / Int.]. Pure&App.Math.Res. 3(2) (2023) 33-47 Page 43 of 47

here Equation (2.10) tends to zero at infinity, and there are second-order partial continuous derivatives, and for the first-
order partial derivatives it takes place:

1

9 o

a—P jp.(.?(z' t)—dz'— Ip.(.?(r t)

Therefore excluding pressure from Equation (2.7) we obtain a linear differential equation with variable coefficients
and with the Cauchy condition of the form:

dr (tr—xeR’). ~(2.11)

0 =D+ (x,t)exp(—

t
+ uAb,
5) Yz

0

Clxt)=—1d 00 (Y AL ())+20 OL()+d; (— J Z%Z(Zu (x4

=l j=1 R k=1 i=1  j=1
_ _ 3 _ _ _ 3
+§’f))9r,-(x+§’f)+Z(Z[_/r,.(x+§,f)9r,(x+§,t))/1,~]d§)}, (r=x+Eek’), (2.12)
=1 =1
6 _,=0VxeR’,
where
@ = qu @, =d, "
=l i=l i=1 =1
3
D, :d{)I{ exp(— )ZJI}
é‘0 0 =l
_ 1 3 E E
— 1 ,
D, =d, [_ERMZ]:_ 7 3 -(2.13)
3 3
XZZ(JW (x+&t)J,, (x+E1)dEL( z dozzﬁim).
m=1 k=1 y y

Further, the solution of the problem under study is reduced to the determination of functions from the equations:

T e drds

~s) Y (Juti=s)F
p(t—s).s)dEds = (I )(x.t),

=1+

~

Sy iTE) ) dEd

NIy ( )+ MOy 2u(t=s) (Nu(t=s))

f 2 déd.
+j_3ﬂ(exp(—(|5| (i=s )s)%)—rc( i=13),
T- or -

(eXp(—|§|2))(¢1(x 2o\ u(t=5),8)+ Dy (x+ 25\ u(t—s),5))dsds,

[

(exp(—|&[’ )@, (x+2&Ju(t—s),5)déds,({(x,1) e C (D), Y =0, +7,).

R 3

-(2.14)
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So, taking into account Equations (2.12), (2.14) and ¢ (x,¢ ) we have

0—(I¥)(x1)

£ = (TS (S A0, )+ Z(r Oy [ S Y (A (v

i=1 =1 T psk=11 =1 j=1I

+§,t))(F;§)(X+§J)+Z(le,,.(X+5,t)(Fj§)(X+§,t))/1,-]d§)}E(Foi)(x,t), ~(2.15)

=1 j=I

r=x+§eR{

at that

D', | < B, |D"J| < ﬂz,V(x,t) eD,

i p(t=s),5))%

r. =a%m)— J_ [ [ cexpr—(le +

0R

xdEds=®,,,(i=13),

=ai(@4‘i(x,t)),(i=1,_3;l =x+2&Ju(t—s)eR’),
xi

/1]5 jexp =Il—-exp
r,=o,+ #— [ (eXp(—(|§|2 > )))Z A(i=s),s )dzds,
HONT 0 R

”@2”1;1 = S}ijh(s)|@2(x’s)|ds <d,'B,h, = B,
0

ﬁ}[(exp(—ﬂsé‘a)) —tdisgx/l;(!(exp( 2\t - \/:l)é‘i\/;+\/—) dr)z(J‘

<25, ([ fexp(- W;;f)ﬁ) )d(- /fg NN VENTS

sup
D

/_3 J (exol=16f DN ||, (x4 26t =5) 5] dé < B, = B,

déds < f;\25, = B,

Sup \/7! '[(exp( (|§| 50 )));|§k|x J

A
” 2t||1h S[3’3 +'B6 S[3)7; 2llGi(p,) :0;2”YZ||C(D) +||Y2l||1h S'B@f’

0<p =c0nst,(i=],_8)
..(2.16)
Similar assessments can be made regarding 1, in G,f (D, ), therefore we have Y] +V , = reG ( D, ).

Since, operator [ o of system (2.15) contains small viscosities § and 50 , then the proof of solvability and the
construction of the approximate solution can be realized on the basis of the Banach principle and the Picard’s method.
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Letting

Lr,, :lg\/5_0<], (0<§0<l?"2,0<l;:const),

(217
r,:8,C8,.(8,(,)=1¢ ¢~ &)|<n. Y(xt)eD}), 17
we obtain for '('x,# ) the formula
¢=Ilim¢,, , V(xt)eD,
s (218
éInJr] = (Fﬂé/n)(x’t)’(n = 0’];2:3)
we have estimate
IS, =] <Ly, )" =0 (2.19)

here §, is unitial estimate. Then, taking into account Equation (2.15) we obtain that the function @('x,¢ ) is the only
one with an estimate

0, =(18, )(x1),(C,.; =(L,6, )(xt),n=0,12,.),

<ﬂ5LF0r1 0

Lp,<ln—>

CSLn (L, =kys
<+ 16, < B,

<n,V(xt)eD), -(2.20)

It follows from the results obtained that in this case, the pressure becomes known, since the right side Equation
(2.10) is a known function.

Further, since Equations (2.14), (2.15) contain 6,0 ,(i=1,2,3),{ € C "(D), then, taking into account

0, =14 =] [ [(oxpl=dlel +— e (v 28futt=5).5) deds

9,=n+exp(—ﬂ450)é(x,t)+ [ [ cexp(—(lef + 5N Z J—c, (x+

0 R ~(221)
+2E\Jpu(t—s),s)déds, (z':],3; l=x+2§1/,u(t—s) eR’),
moreover, from the estimate Equations (2.14) and (2.21), on the basis of condition (2.16) it follows:
— k —
”0 Gl(Dy) — Zk;zHD QHC(D) + ||01(x’t)”1h < ﬂl() = const. ..(2.22)
Further, taking into account transformation (2.2), we obtain
t _
Vl.’n = Hn/ll. +exp(——5)Jl.(x,t),(i = 1,3; n= 0,],2,...),
’ L223)

n
e R A

(D)
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Then, based on transformation (2.2), conditions (2.22), (2.23) and

v,eG(D,): | <M, (0<M,=p, +p3,=const;i=13),

|Vi ”G,{(D,,)

v, =46 +exp(—)uL50){ —luié‘oJi +%§[(ex]?(_|§|2))\/;g%%lf(x+2§\/ﬁ)d§})

I=x+2&Ju R Y HD"viHC(D) < Vi, €Bia(i=13),

0<lk|<2

it follows:

3 3 o
”V GL(Dy) = ;”Vi”Gﬁ(Do) =;{ Z “DkViHC(D) +Sjl:3p,{[h(t)|vit(x’t)| dtj < N, = const.

0<Jk|<2

Theorem 1: Let the Navier-Stokes system (1.1) is defined on the D, and with prescribed initial data (1.2), (1.3), and
conditions (2.1), (2.8), (2.16) and (2.22). Then there exists a unique solution of the problem (2.12) in G; (D, ).Moreover,
taking into account (2.2), there exists solution to problem (1.1), (1.2) and (1.3) in G; P ( D, ).

Remark 2: In the case when the functions 1, (i = 1,2 ) are continuous, the result is valid, if we understand the partial
derivatives in the sense of Sobolev (1966). This fact is also one of the significant advantages of the applied method.

3. Conclusion

The main idea of this chapter is that the Navier-Stokes equations (1.1) is reduced to Cauchy problem for inhomogeneous
linear equations with the variable coefficients of the heat conduction type, based on the transformation (2.2), taking
into account conditions (1.2) and (2.1). The indicated conditions are an important factor for the linearization of Equation
(1.1), since condition (2.6) holds when formula (2.2) introduced, i.e., the inertial terms in the Navier-Stokes equations
with respect to the new unknown function @and its derivatives Hxl ,(i=1,2,3)are linearized. Further, taking into
account (2.2), we also obtain Poisson type equations for pressure of the form Equation (2.9), which modifies the
Lipschitz-Landau formula. Therefore, with the exclusion of pressure from Equation (2.7), the linear parabolic problem
(2.12) follows, which is reduced to the system of Volterra and Volterra-Abel integral equations of the second kind
Equation (2.15), and they simplify the analysis of the original problem in space G31, (D, ).

On the other hand, since the Navier-Stokes equations with certain initial conditions were studied in papers (Omurov,
2019:2021)in Gj(D, = R’ x(0,T,)) and W, (D ) (seesector 1), and in this work this equation is studied with conditions
(1.3),(1.20) in G}( D, ) (see sector 2). Therefore, it can be considered that the Navier-Stokes equation is studied in the
full sense with the Cauchy conditions. Note that in the future, space Gi(D,) can be used for the Navier-Stokes
problem in a bounded domain, when D, is bounded.
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