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Abstract

In this research a necessary and sufficient condition for the proof of the Binary Goldbach
Article Info conjecture is established. It is established that the square of all natural numbers greater or
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1. A Sufficient and Necessary Condition for Proof of Goldbach Conjecture

The square of a natural square number greater than or equal to 2 is equal to the square of a natural square number
greater or equal to 0 and a Goldbach partition semiprime.

Let m be a natural number greater or equal to 2. Let n be a natural number greater or equal to zero. Let s, be a Goldbach
partition semiprime. Goldbach partition semiprimes contain prime factors of the same parity. The above condition means
that:
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m>=n>+s
g

Proof
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(D)

The above mathematical statement implies that for every natural number m > 2 there exists a Goldbach partition

semiprime s, < m? subject to condition (1).

Let p and g be the prime factors of the semiprime S, such that

p=9q
In which case, by (1),

p=m+n
and
g=m-—n

This also implies that

m:p+q22
2
and
n:p_qZO
2

Thus the above condition is sufficient for the proof of the Binary Goldbach conjecture.

We can now proceed on to prove the Binary Goldbach conjecture assuming the condition (1) above.

1.1. Proof of Binary Goldbach Conjecture

The above partition (1) also implies that the prime factors of s,arem+n and m —n. By (1):

_ 2
m= (n +sg)

From (1) also

s,=(m+n)(m—n)

m+n=n+ (n2+sg)

o)

-0)

Substituting (2) into the first factor of (3) we obtain the formulation given by (4) that generates prime numbers.

e

Substituting (2) into the second factor of (3) we obtain the formulation given by (5) that generates the first prime

factor of S,

m—-n=-n+ (n2+sg)

.05

Adding together Equations (4) and (5) we obtain the Goldbach partition formulation of even numbers greater or

equal to 4 given by formulation (6) below.

2m:(n+ (n2+sg))+(—n+ (n2+sg))

by (1)

m+n=m-+ (mz—sg)

.(6)

(7

()
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m—-n=m-— (m2—sg) ..(9)

2m:(m+ (mz—sg))+(m— (mz—sg)) ..(10)

Thus all composite even numbers have a Goldbach partition given by any of the formulae (6) and (10) above.

The gap between primes in a Goldbach partition is given by
2n=2 (m2 —Sg) -(11)

Thus given the zeta function (11):
2s=1+2it .(12)

Then the Equation (12) below is holds true:

Zn’zs :Z:(m2 -, )7717” ..(13)

When a sum series is presented in the form (12) above then » would represent half the gap between consecutive
primes and S, would represent product of consecutive primes. The sum series (12) is exactly in accordance to distribution
of prime numbers. The above findings are in agreement with the Riemann’s hypothesis.

2. Results
Example 1: Work out the Goldbach partition pairs of 100 using Equation (1) and (10)
Solution

50?=3%2+53 x47

50°=92+59 x 41

502=212+71x29

502=332+83x 17

502=39*+89x 11

50*=47>+97x3

The partition pairs are (3, 97), (11, 89), (17,83), (29, 71), (41, 59) and (47, 53).

100:(50+ (502 —53><47))+(50— (502 —53><47)) =53+47

100 =50+ (502—59><41 )+ 50— z—59><41 59 +41

=83+17

—_
(=l
(=]

Il
i
(=
J’_

( [s0-s0"-59a1))-
100= 30+ 07 735+ (s0- {50 71<39]) 71429

( ( )

| ( )

502—83><17 )+ 50— J 02—83><17
0 ) 0

5
+(50- 4/5 2 89><11 =89+11
(50—1/502—97><3) 97+3

Example 2: Use formula (11) to determine the gaps between primes of the Goldbach partition of 40.

50+ 5 2—89><11

ﬂ

100:(50+ (502—97><3
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Solution

g =2,J(20"-23x17) =6
g, =2,J(20° —29x11) =18
g, =2,J(20° -37x3) = 34

3. Conclusion on the Binary Goldbach Conjecture

The binary Goldbach conjecture is true. A necessary and sufficient condition for it’s for proof exists.

The binary Goldbach conjecture qualifies to be a theorem.

The findings from this proof method furnishes the tools for the proof of Andrica conjecture.

3.1. Proof of Andrica Conjecture

The conjecture asserts that the inequality

\/pn+l _\/p_n<1

holds for all n where p is the n" prime.

In this research, consecutive primes share are common Goldbach partition semiprime. Thus if

_ 2
Puut _m+\/m _Sg

then

_ 2
p, =m—./m -5,

If the Andrica conjecture is true then:

[ =

In which case:

m+,/(m2—sg) <1+2 f(m—ql(mz—sg))+m—4/(m2—sg)

The above inequality simplifies to

2(m=s,) <142 /(m—M)

If g represents the gap between the primes, then also

In which case

We can afford to omit 1 on the left side of the inequality. This also means that
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(14)

-.(15)

.(16)

.(17)

.(18)

(19)

(20
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&, (&J .21

1
i" {1 + [g—nn <m -(22)

Since the smallest gap is 1 then the above inequality also implies that:
m>g .(23)

m represents the average of the two consecutive primes. The gap between two consecutive primes is less that
average of the two primes. Thus Andrica conjecture is true and qualifies to be a theorem.

The findings from the proof method used in resolving the Andrica conjecture can be used to prove Legendre
conjecture.

3.2. Proof of Legendre Conjecture
The Legendre conjecture proposes that there exists prime numbers in between two consecutive square integers.
ProofMethod

Let r and ¢ be positive integers that fit the conditions of the Equation (24) below.

(P, +t)=(p,-7) =1 -(24)

The Equation (24) can thus be considered to be an Andrica theorem problem. Thus is we set

n=.p,-r .(25)

n

where 7 is an integer, then by (24)

n+1=(p,., +t.,) -(26)

It should be clarified in the above form » has no bearing with gap between consecutive primes. The Andrica theorem
Equation (24) rather implies primes p , Py lie in between consecutive square integers n* and (n + 1) Thus Andrica
theorem implies that Legendre conjecture is true.

4. Additional Notes. on the Riemann Zeta Function as Viewed Through the Andrica Theorem
Equation

For the purpose of analysis of the zeta function in sum series, the p, of Equation (25) will be taken as the n™ prime in
which case the maximum integer value of 7, is +1.

Thus for p, =2, 7, =+1.Forp,=3,r,=+1, and so on. If s is a complex number given by Equation (12) we note that:

n = (pn -r, )7-” (27

Thus in Equation (27) n represents the number of primes. Thus

S =S (p,-r, )g-n (28)
From Equation (25):

p,=n’+r, ..(29)
This is to say that

p=(nt4r) .(30)
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This also means from Euler product that

]
1-p;°

1 1
11

1+ p, 1-p,°

(@)=Y =X (p,-n)> " =TT—=-T1

This is to say that

S(p,-r)? " =TT——T1—

——it ——it

I+p,? l+p?
When we permit s = k£ where then k is an integer then:

1
l+p;2k

£ =X =T

‘/;(1)22(1%_’}1)7%:1_[ 1 IH 1 1

1+p,> 1-p>2

Again we can also use the formulation below for relating p, and n:
p,=n—(n-1y+z =2n-1+z

where z is an integer greater or equal to zero. This means that

S(s)=2n =Z( (w-p, +zn)_1)“' 22[%1_205,

Let:
wn:z"—l
Then:
n=p -w,
s s 1
ZHA :Z(pn _W’l) =H

1-p~°
Thus the n" integer is connected to the n™ prime by the above relationship.

Thus

gn:pn-%—l _pn: 1 +wn+1 _wn

and

2m :(m_f—&]-'—(m_%j :pn+1 +pn

where:

2m=2p +g = 2(n+ w)+tl+w —w

On the other hand if:
n + l :pnﬂ'_wnﬂ'
then:

g:pnﬂipn:l—‘rwnﬁiwn
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(1)

-(32)

.(33)

.(34)

.(35)

.(36)

-(37)

.(38)

-(39)

..(40)

-(41)

-(42)

.(43)

.(44)
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in which case:

g g
2m=|m+=|+|\m-=|=p, . +
( 2 J [ 2 j pn+z pn .(45)
Let
n'=(p,-w,) =p" .(46)
Then
alnn=alog(p, —w)=-2klnp, .47
g Inn
Dkinp, ..(48)
—2kInp, -2k
n—-—=
mn L .(49)
—2klnp, "
n——=
> — >.p; .(50)

in

Now know from complex analysis that —1 = ¢ and i = ¢ . The following complex numbers fit with the s of the

Riemann zeta function.
ln(—\/;) i7r+ln(\/z) 1 ir
N = =—+— (51
Ink logk 2 Ink
also

1n(—\/(i_)) i7z+1n(\/?)+ln(\/;)

SZ = = :l—‘,- 517[ ...(52)
Ink Ink 2 4Ink
In \/(ik ; i
g~ DVE) _nivindk 1, iz (53)
Ink Ink 2 4Ink

Where £ is a positive real number, rational or irrational, not equal to 1. There are other formulations of s given by the
formulations:

ln(—W):iz+1n¥/Z:i+ii

..(54)
Ink Ink N Ink

Sy =

Here N is permitted to take fractional values. The above values of s form the source of non trivial zeroes outside the
critical strip.

ln(—%(—k)) 1 i ir 1 i 1
==y T T (59)
Ink N Ink NInhk N Ink N
In i’\v/z ;
5 = ( >:i+ in .(56)
Ink N 2mnk
In(-i ¥k ;
s, = ( ) 1 -(57)

Ink N 2Ink
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~In(—i ¥k ;
s, :QZ_L+ ir (58)
Ink N 2Ink

5. The Riemann Zeta Function

The Riemann zeta function is a function of the complex variable s. Where R (s) >1 the function it is defined in the half

absolutely by the convergent series

= 1
$(s)=2—~ (59)

s
n=1 1

In the whole complex plane it is defined by analytical continuation through the functional equation

s (1-5) _
zzr(%jg(s)w 2 r(lTsjg(l—s) .(60)

It should be noted that Riemann does not speak of analytical continuation of the function Z n~" beyond the half

plane R (S) >1 but speaks rather of finding a formula for it which “remains valid for all s (Edwards, 1974). The view of

analytic continuation in terms of chains of disks and power series convergent in each disk descends from Weierstrass
and is quite antithetical to Riemann’s basic philosophy that analytic functions should be dealt with globally, not locally
in terms of power series (Edwards, 1974) Riemann introduced a function of a complex variable ¢ defined by

1 s (s
£(0)=3s6-0wr( 3¢ (0 o
with s = %+ it . He then shows that is an entire even function of t whose zero have imaginary parts between —% and

L
5

He further states, sketching a proof of the number of zeroes in range between 0 and 7. Riemann then continues:
“Man findet nun in der That etwa so viel reelle Wurzeln innerhalb dieser Grenzen, und es ist sehr wahrscheinlich, dass
alle Wurzeln reell sind.”, which can be translated as “Indeed, one finds between those limits about that many real zeros,
and it is very likely that all zeros are real.” The statement that all zeros of the function &(¢) are real is the Riemann
hypothesis (Bombieri, 2000).

When the complex numbers (54) to (58) are used in the &(f) even function (61) non trivial zeros are generated outside

i
the critical line on which R (s) = % . The zeroes of the &(¢) function will then have imaginary parts between Y and

L
N
Indeed the critical strip when N is permitted to be fractional. The Riemann hypothesis does not permit non trivial

zeroes to be generated outside the critical line.

6. Solution of the Riemann Zeta Equation

6.1. Riemann Hypothesis is False
When the Riemann zeta function is equated to zero it becomes an equation with infinite number of solutions or zeroes.

The complex number proposed in Riemann hypothesis can be generalized to

s= Ll T 62
N Ink (62)

where In k is the unknown. Now the general Riemann zeta equation is given by
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_Ink+iNz

o 1
Z” et =H _Ink+iNz (63)

1_p Nink

The solution of the above equation is finding the infinite logk values for a given N and use the same values of logk
to determine the complex number s given by (62) above. These solutions can be computer generated.

Infinite number of solutions have been found for the case N = 2.

The Riemann hypothesis proposes that the above Riemann equation has infinite number of solutions only for the
case N =2. This is false.

1
A preliminary test using NV < 100 that is, the real part of s > 100 and & = 2 shows that infinite number of zeroes are
generated. These results falsify the Riemann hypothesis.

6.2. Example Result that Contradicts the Riemann Hypothesis

§(—1000—i1000ﬂj:0
In2

..(64)
This non-trivial zero is outside the critical strip and critical line R (S) =7 This result alone disproves the Riemann
hypothesis.

6.3. A Further Examination of Gaps Between Two Consecutive Primes

In Equation (7) n represents half the gap between primes of Goldbach partition. For the purpose of our present analysis,
as applied to consecutive primes we will rewrite it to the form (65) below.

n?=m*— S, =p,— ..(65)
: th . _ pn+l + pn _ . .. . .
where p is the n* prime number, m = T, S, = P, Dy» O 18 a positive integer. This means that
Pt P )

a=p,+s, -m’=p, (1 + pm)—("T"”j ..(66)
(65) means that the gap between consecutive primes is given by:

g,=2n=2(p,—a) ..(67)
(66) means that
p,ts,> m? ..(68)
This also means that:

Pt P )

Pyt Dului > [le (69)
This also means that

4p,>(pa—p,) =2 -(70)
g, <2\p, .(71)

In determining gaps between primes using (67) rather than (71) it should be noted that 1.75 < a<p — 1. Formula (67)

suggests that the gap between the primes p and p, ., ranges from 2 to 2 floor,/p, .
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7. Arithmetic Mean and Geometric Mean Perspectives in Prime Gaps
The proof of the necessary and sufficient condition for proof of the Binary Goldbach conjecture establishes that all

integers m greater than 1 are an arithmetic mean of two primes. That is to say:

_P*q
2

m (72)

The geometric mean is equal to the squareroot of the Goldbach partition semiprime. The inequality relationship
between the arithmetic and geometric means is given by:

PTWZ \/@z \/g (73)

The inequality relationship (73) above follows from the identity relations (74) and (75) below.
p-qY _(r+qY
g+ (Tj = [Tj .(74)
This means that
_ J( p+aY _(p-aY
w- (5] s
if g represents gap between primes then (75) also means

_.2_| & ’
5, =m (2} (76)

Equation (76) also means that the gap between primes is equal to twice the squareroot of the difference between the
squares of arithmetic and geometric means.

Every arithmetic mean, m, constituted from two primes has at least one corresponding geometric mean constituted
from the same primes. The number of geometric means certain arithmetic mean can have is equal to the number of ways
in which it is computed. Geometric means constituted from two identical primes are prime numbers otherwise they are
surds of order 2.

Thus m (an integer greater than 1) of Equation (1) is an arithmetic mean of two primes while S, is the square of their
geometric mean.
8. On Goldbach Partition Using Integration

All Goldbach partition semiprimes for the Goldbach partition of composite even number 2 m can be generated using the
sum series:

m n

Sy :Z:(Zr—l)—Z(ZS—l):mz—n2 A77)

r=1 s=1

where 2n is the gap between the primes of the semiprime S, and r, s are an integers. Thus Goldbach partition semiprimes
with a gap of 2 between prime factors can be generated with the sum series

§,=3+5+..+2m-1)-1
Goldbach partition semiprimes with a gap of 4 between prime factors can be generated with the sum series
sg:5+7+...+2(m—2)—1

and so forth. It should be noted that 2m represents the Goldbach number. Thus for semiprimes with a gap of 2 between
prime products:
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3+5+7=4"-1?=15=3x5
345+..+11=6"-1?=35=5x%x7
3+5+..+23=122—-1>=143=11x13

and so forth. These results imply that that the Goldbach partition semiprime, S, for the partition of a composite even
number 2m can be obtained by integrating to some specific limits. That is to say:

s, =2 xdx—2[" xdx = zjm xdx -(78)

Here n, isan s, generator for a specified m determinate from the integration process given in (78). Equation (78) is an
extension of the condition (1) through integration. The Equation (78) can further be factored as given in (79) below.

s, = [( \/2 [ xdxj+ \/( of " xdx)j(\/(Zjom xdx) - \/(2]0 xdx)j (79)

Thus Goldbach partition of the composite natural number 2m is given by:

22m = ([\/2]0 xdxj+ \/(sz xdx)j " (\/(2 J[/ xa) - \/(2j0 xdx)j (80)

9. Solution of the Gap Problem in Binary Goldbach Partition

Prime Gap Theorem: All half gaps of primes in Goldbach partition of the composite even number 2m are generated
through additive partition of m.

Proof

If the above theorem is correct then the primes of Goldbach partition of 2m are given by:
p=m+n ..(81)
g=m-n .(82)

where 7 is the half gap between the primes of the binary Goldbach partition. In which case the additive partition of m
needed to generate half gaps between primes is given by:

m=n+qg=(m-q)+q .(83)

In which case

p=(m-q)+q+(m—-q)=2m—gq -(84)
This means
2m=p+gq .(89)

Alternatively, the additive partition of m is given by:

m=(m—-q)+q= (mz—pq)+q ..(86)
This would mean that

(m—q)*=m’*—pq ~(87)
q*—2mq =-pq ...(88)
This also means that

2m=p+gq .(89)

The above result would therefore mean that

+ —
m_q:f’z‘l_q:% .(90)
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It follows from the above result that

P4 _P+q

m—qj)+q= + (91
(m=q)+q="""+q="— o1
or
- +
2
now since:
P4,
5 =
and
p=2

It follows that the half gaps between primes of Goldbach partitions can be generated for all
m>2

for the generation of at least one binary Goldbach partition. These results imply that the generation of p is such that:
p=2m-q)+tq, ..(93)

Equation (93) can be interpreted as meaning for every m greater than 2 there is a, ¢ that is a, p generator in which
case:

2m=(2(m-q,)+q,)*q, ..(94)
End of proof. From Equation (87) it is established that:

m=pz* (m2 —pq) ..(95)

or:

p,g=m= (m2 - pq) ...(96)
Example: Identify the gaps for Goldbach partition of 30 using the above prime gap theorem. Use the gaps to do
Goldbach partition of 30.

Solution: m = 15. The prime factors of m are omitted in additive partition of m, except for the case m =p. This is necessary
in order to retain coprimality of m and the partition elements. Thus:

15=(15-7)+7=(15-11)+11=(15-13)+13

The qualifying half gaps by the above equation are:
(n,n,n)=(8,4,2)

Thus the gaps between primes of Goldbach partition of 30 are:
(2n,,2n,,2n.)=(16,8,4)

The Goldbach partitions of 30 calculated thus:

1527427
2

this means that
p=16+7=23
30=7+23
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1511+ 2211
2
This means that

p=8+11=19
$30=11+19%

15=13+ 2713

Thus

p=4+13=17

30=13+ 17 Thus 30 has 3 Goldbach partitions.
10. Constructing a Function for Counting the Number of Binary Goldbach Partitions and Fitting
it on the Unit Circle

Consider the composite even number 2m. The number of Goldbach partitions is partly dependent on the number of
primes upto m of the same parity; the number of Goldbach partitions is mainly dependent on relative distribution of
primes of the same parity to the right or left of m. The relative distribution of primes can for convenience be represented
by angle k in radians such that

k=2mp -97)

Where fis arelative prime distribution parameter for some given m.

Let p;a (m) represents the number of primes of the same parity upto m. Again let R(2m) be the number of Goldbach

partitions of the composite even number 2. Then:

R(znozzzm(no(fﬁigﬁlil~—mn2kJ -(98)

7y (m)

That is to say:

smk:iJfﬁxﬁgi;f@mq:iJ@—%%%%;J (99

for the different values of m. On the other hand;

R(2m) -1
cosk =% | ———— ...(100)

7, (m)

The formulation (101) does not permit R(2m) to take a value of 0.

11. Deriving a Function for Counting the Number of Goldbach Partitions

The prime number theorem can be used to obtain a good estimate of npa(m). Thus the Cartesian space coordinates,
(R(2m), 2m) can be transformed to unit circle coordinates, (x, y) by the use of the above formulations. It can be noted
further that:

B R(2m)—l 3 R(Zm)—l
Ty (M) = cos’k  cos® (2mp)

.(101)

The above formula is only applicable in cases in which R(2m) > 1. The number of odd primes up to m can be
expressed by the formula
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., (m)=m cos?/ ..(102)
where /is a variable parameter. Substituting (104) into (103)
m(cosk cosl)?>=R(m) -1 ..(103)

The prime number theorem states that

m

I (m) =1 (104)

m—>o0

Applying the results of the prime number theorem to (104) we establish that

1
cosk = (l_j ...(105)

nm

If we take | ~ k then

m
~R(2m)-1
(Inm)’ (2m) .(106)
This means
m
R(2 =1
(2m),, . =1+ (107

12. Matters Arising

Equation (98) can be written as:

ik ik O\
R(am) 1= 1 (m)oos =, () S5 | e 08
Where
p— 71 n
k = cos (i —”pa (m)J ...(109)
and
0§n§7zpa(m) ..(110)

Now the number of primes up to m is given by

w(m)=m el +e 2_ m
where:
1
I=cos™'|+ [——
cos [ ln(m—(xm)} (112)
That is

In(m-a,)= ) -(113)
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a, =m—e"" ~(114)

p:l_”(’") (115)
>
It should be noted from the above analysis that:
_m
z(m)In(m-a,,) .(116)
Therefore if m is an even number then
m m(1—2p)
m(m)= =
(m) (-] 5 (117)
where 0< p < % It may also be noted that
m-a, =e"" (118)
This is to say also that
7[(”1)
1-G%n _€ ..(119)
m m
or
M o
%y ..(120)
m m
or
a m
Inj1-—2 |=——-1
n( m j lr(m) nm .(121)
or
nm|1-Zn =
m ) x(m) -(122)
or
m 1 a 1 m 1 m
=1+ In|1-— |=1+—In| ——-Inm |=1-———In| Inm———
ﬂ(m)lnm Inm ( m j Inm [ﬁ(m) J Inm { ﬁ(m)] ~(123)

13. An Exact Function for Determining the Number of Goldbach Partitions

The results in the Table 1 are obtained when using the formula (107) for estimating the number of Goldbach partitions
of an integer.

am=2[(nt +s, ) =2\[(n 43, ) =... =2} +5,, ) (124)

Therefore:

i:N\/T
R(Zm):M:M:NZI

2 m
(n +s, )

-(125)
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Example: Use formula (125) to determine the number of Goldbach partitions of 30.

Solution

~ \/(22+13X17)+\/(42+11X19)+\/(82+7><23) 45
R(30)= 15 =153

14. Results of Approximating the Number of Goldbach Partitions

The results in the Table 1 are obtained when using the formula for calculating the number of Goldbach partitions of an
integer. The actual number of Goldbach is included for comparison.

Table 1: Number of Goldbach Partitions
R(2m), . =1+—" R(zm):iz‘:‘ (o +s.)
T (n +s,.)
Integer Estimated No of G.Partitions Actual No of G.Partitions

10 3 2
100 4 6
1000 14 28
10,000 70 127
100,000 428 810
1,000,000 2,905 5,402
10,000,000 21,016 38,807
100,000,000 159,102 291,400
30,028 163 237
128 5 3
428 8 9
4x1018 1,126,283,061,268,656

15. Conclusion

The binary Goldbach conjecture is true and qualifies to be a theorem. Each composite even number has at least one
Goldbach partition semiprime for its Goldbach partition.

Andrica conjecture is true. Andrica conjecture qualifies to be a theorem.
Andrica theorem implies that Goldbach conjecture is true.

The Riemann hypothesis is not true. non trivial zeroes can be generated outside the critical strip.
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