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1. Introduction

This article develops a duality principle applicable to a large class of models in the calculus of variations. We present
applications to a Ginzburg-Landau type equation through a D.C. approach. We recall the so-called D.C. approach
refers to a difference between two convex functionals.

More specifically, we obtain a convex dual formulation suitable for an appropriate optimization of a concerning
primal functional.

Remark 1.1.: In particular in this version we present again some important new corrections on Section 10.

It is worth mentioning the results on duality theory here addressed and developed are inspired mainly in the
approaches of J.J.Telega, W.R. Bielski and co-workers presented in the articles (Bielski ez /., 1988; Bielski and Telega,
1985; Telega, 1989; Galka and Telega, 1995). Other main reference is the D.C. approach found in the article by Toland
(1979).

Moreover, details on the Sobolev spaces involved may be found in Adams and Fournier (2003) and basic theoretical

results in superconductivity may be found in Annet (2010) Landau and Lifschits (2008).
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Similar results and models are addressed in Botelho (2021), Botelho (2014), Botelho (2020), Botelho (2009), Botelho
(2011) and Botelho (2012).

Basic results on convex analysis are addressed in Rockafellar (1970) and Ekeland and Temam (1976). Finally, other
related results may be found in Botelho (2023) and Attouch et al. (2006).

Now we start to describe the primal variational formulation for the Ginzburg-Landau model in superconductivity in
question.

Let Q c R’ bean open, bounded and connected set with a regular (Lipschitzian) boundary by oQ) .

Define the Ginzburg-Landau type functional J:} — R, by

J(u):gIQVu-Vu dx

V(= el
Here,

V=W (Q),

7>0,a>0,8>0and f €L’ (Q) We also denote
Y=Y'=I1AQ).

2. The Main Duality Principle and Related Dual Variational Formulation

In this section we develop in details the main duality principle and respective convex dual variational formulation for the
model in question. We highlight some similar results have been obtained in the preprint (Botelho, 2023).

Remark 2.1.: Forv' e L¥(Q), throughout this text generically we may denote

2 -1 * *

Jol (7 V2K ) V(v e

simply by
£\ 2
()
)
C—yV +K

where 7, denotes the identity operator, K > 0, y > 0 are real contants and Y2 denotes the Laplace operator.

As their meaning are clear, other similar notations may be utilized.

Fix K.,=5 and K > 0 such that

K> max{K3,7/,a,ﬂ,1/7,1/0!,ﬂa

71}

Moreover, define the functionals £, : 7 — R and F, : ¥ xY" — R by

K
K (u)z%J-QVqu dx+?jgu2dx—<u,f>Lz -2

and
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F, (u,v;) = —<uz,v;>L2 +§Igu2dx

+§J.Q(v; )2 dx + ﬂJ.Q v, dx -(3)

Define also,

Vi={uev:|u, <k,

B ={v,ev" oy <VK/8

and

D ={v ey :|M] <(3/2)KK,]
Also, we define the polar functionals F, : [Y *] —>R and F, : [Y *]2 —> R by

F’ (vl*) =sup {<u,vl*>L2 -F (u)}

uel

2

1 i
- L: —(}‘sz +)K dx -4

and

E (VI*,V;) - Sulel}/){<u,vl*>L2 -F, (u,v; )}

12
:lj (Vi) dx
2792y, +K

1 N\ g .
Ly
ifv, e B’
Furthermore, define the functional J*: D"« B —» R by
J (vl ,VO) =-F (v1 )+F2 (v1 ,vo)

and the exactly penalized functional .J. 1* :D"xB" >R by
J, (V1 ,v0)= J (v1 ,vo)

_ 100K>
2

B v+ f N v ”2
YV +K ) -, +K|, ~(©)
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Let (\71*,\9;) € D" xB" be such that
8J" (%.%,)=0
From this and from the Legendre transform proprieties, for

A

_ Y

Uy=—7= €<V
—2v, +K

we obtain

& (u,)=0,

I (uy)=J"(91.%,) = J; (9.9;)
and

8J; (1.%,)=0

Observe that

% (vi.vy)

o)

R U
—yV?+K -20,+K

2
~100K2| - 12 —
YV +K 2u+K

<0

Moreover,

82J1*(v1*,v;)
8(\/;)2
R S A
a v +K
~100K> ( ‘1“2 ; +100K2(7(%j

—2v, +K
<0
and
82J1* (vl*,v;)

* *
oV, 0v,
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Y)Y - S N,
=2v,+K -yV'+K 2vi+K | -2v,+K

+100K2(9(%j

inD* x B".
Thus, by direct computation, we may obtain
0°J; (vao) 0°J; (vl,v;) 0*J; (vao) 0°J; (vl,vo) ’

det = > > — >0
6\/05\/1 0 (Vl* ) 0 (v; ) aVl aVo

inD* x B".

From such results, we may infer that .J 1* is concave in D" x B", so that

* [ A% Ak * * *
J, (v1v0)= sup J, (vl,vo)

(VF,V;)ED*XB*

On the other hand

o[+ % -

ou

so that by an evident convexity, we have obtained

: 100K*
o) =m0+ 8

Joining the pieces, we have got,

uel]

. 100K*
J (uy) = 1nf{J(u)+ > ||u —u0||§’2}

=J1*(\31*,\3;)= sup J(vl,vo)

(Vl VO)ED xB"
The objective of this section is complete.

3. Another Duality Principle

Let 0 < ¢ « 1. Define also in this section K, = 3 and K =5 and assume Y,

Define the functionals F, : V- R, F,: V' xY - R and F,: V- R by

Page 87 of 124
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F (u) =£I u’ dx—(u f>
1 7 Jo ) 2

F, (u,v;):<u2,v;>L2 ZS%J.QVu-Vu dx

—%J.Quz dx—i[g(v;)z dx—,B'[Qv; dx
and
E(u):%IQVu-Vu dx

Define also,

V, :{u € V:||u||w <K, and uf 20, in Q}
B = {v; eV’ :HZVSHOO SK}

D*:{vf eY*:Hvl*HwSK}

and

E = {z* 7| <k and [(—}/Vz)l z*} £>0,in Q}

* * * * 2
Moreover, define the polar functionals £ :[Y ]—) R and F, :[Y } — R by

F’ (vl*) =sup {<u,vl*>L2 -F (u)}

uelV

:lj (Vl*+ )zdx
290 &

F, (vl*,v;) = sup{<u,—v1* + Z*>L2 - F, (u,v; )}

uel

* )2
:lj (_V12+22 dx
2795y Vi+2y,—¢
1 )2 .
Y Q(vo) dx+ﬂfgv0dx

if v; e B" and

F; (z) = sup{<u,z*>L2 -F (u)}

uel’
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:ljﬂ (Z*)z dx

80—y V?

Furthermore, define the functional J*: D" x B" x E"— R by

J (vl*,v;,z*) =-F (vl*)—F; (vl*,z*,v;)+F; (z*)
and the exactly penalized functional J 1* :D"xB"xE"—> R by

* * * * * * * *
J, (vl,vo,z ):J (vl,vo,z )

1
+_
6

2
v 2
—7/V2 (—sz +12v; - 8] " —47/V2 HO,Z

Ak

Let (\31 Vg2 ) €D xB xE be such that
8J" (9.9.2")=0
From this and from the Legendre transform proprieties, for

AF

U, = z €
0 4y V?

V

we obtain

aJ(u)=0,
I ) =" (790,27) = 7 (.90, 2)
and
8J; (¥;.%,,27)=0
Observe that
0°J; (vl*,v;,z*)
8(2*)2

1 1 1
=- —+ +
“SyVi+2v,—¢ —4yV? 48(_7/V2)

-y Vi +2v, —¢ . 1
(=57 V2 +2v, ) (-4y V) 48(-rV?)

68(—y V*)+52(2v, ) - 52¢
(=57 vV +2v, —¢)(—4yV?)48
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Here we assume that
67(-yV?)+52(2%)>0

so that, since J 1* is quadratic in z*, we obtain

% [ Ak Ak Ak . w [ Ak Ak
J (VI,VO,Z )=Zl*r€1£J1 (Vlo"oaz )

Moreover, we assume ¥, «, [ are such that
2 o* * * Nk
0°J, (vl,vo,z )
2
*
o(v)

1
<——1
1ol -(18)

and

2 ¥ * * A%
0°J, (vl,vo,z )
* *
ov, 0v,

~O(1) (19)
inD* x B".
From such assumptions and results, since
2 * * *
0°J, (vl A )

0 (vl* )2

we have that

=-0(1/¢)

2
* E I * * % Ak * * & A% * * % Ak
det 0°J, (vl,vo,z ) 0°J, (vl,vo,z ) 0°J, (vl,vo,z ) 0°J, (vl,vo,z ) 0
e = >

OV, 0v, 0 (Vl* )2 0 (v; )2 - ov, v,

inD” x B".,
3 * * * Ak . . * * N N
From such results, we may infer that J| (Vl s Vo Z ) is concave in (V1 5 Vo) on D" x B”, so that
* AX AKX A * * * Ak
Jl (VI,VO,Z ): sup Jl (VUVO:Z )
(vr ,v;)eD*xB*

From these previous results and a standard Saddle Point Theorem, we have got

* [ A% A% Ak
Jl (VI,VO,Z ): sup {

(vr ,v; )ED*XB*

. * * * *
inf J, (vl,vo,z )}

0
z €E
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an{ sup J; (vl,vo, *)}

(Vl Vo )eD xB"

Finally, observe that
J(ug) =7 (97.95.27)
<F(u)+F, (u,ﬁ;)—<u,z*>L2 +F (z*)
. 2
_}/V (—UO 4;V2J

YueV,z eE

0,2

In particular, for z* = —4}/ Viu , we obtain
J (uy)=J, (v1 Vo2 )

SE(u)Jer(u,\?;)—ﬂ(u)

+éH\/—yv2 (—uy+u) 2

0,2

< sup {F1 (u)+F, (u,v; )~ F, (u)}

v;eY*
+%H«/—7/V2 (—uo +u) ’
0,2
= J(u)+%”,/—yvz (—uy +u) 2
0,2
Yuel,

Joining the pieces, we have got

J (u, —1nf{ —H«/—)/VZ (—uy+u)

ueh;

)

* [ A% A% A%k
=J, (vl,vo,z )

= sup {ereng(vf,v;,z*)}

(vr ,v; )ED* xB"

- {(W s L ’7}

The objective of this section is complete.
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4. One More Duality Principle

Let 0 < & < 1. Define also in this section K, = 3,
K smax{K,,y,a, B}
where we assume, after multiplication by a suitable constant,

f|, =©(100)

V&,

We highlight that multiplying 7, &,

f ”OO by a constant does not change any critical point since, up to such a

multiplying constant, the Euler Lagrange equations keep the same.

Define the functionals F/, : V- R, F,: VxY - R and F,: V- R by

F (u) :%L}uzdx—(u,f)ﬂ (24)

F, (u,v;):<u2,v;>L2 +%I0Vu-Vudx+§IQu2dx

_gjguzdx_ijg(vg )2 dx—,BIQ v; dx ~23)

and
Fy(u)= gjguzdx

Define also,

Vl={ueV:||u||w£K3 and uf >0, in Q}
B :{v; eV’ :HZVSHOo SQ/E/IO}
D*:{ver*:Hvl*HwS(‘/E}

and

*

E ={z* ey’ :HZ*HOO <KK, andz f >0, in Q}
Moreover, define the polar functionals F, : [Y *] —>R and F, : [Y " ]2 — R by

F (vl*) =sup {<u,vl*>L2 -F (u)}

uel

(/)
:% J‘Q“de (26)
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F; (vl*,v;) = sup{<u,—v1* +z*> ~F

ueV z
_lj (=) e
T2y Vi 4K —¢
1 £\2 .
=3, Q(vo) dx+ﬂIQv0dx

if v, € B". and

F; (z*) = sup{<w, Z*>L2 - F, (w)}

wel?

1 .
:ﬁ Q(Z )2 dx

Furthermore, define the functional J*: D" x B* x E*— R by
J*(vf,v;,z*):—Fl*(vl*)—F;(v:,z*,vg)+F;(z*)

and the exactly penalized functional J 1* :D"xB"xE"—> R by

J, (vl,vo,z ):J (VI,VO,Z )
. .2

| .
2 * t—
‘—yV +2vy—¢ K

10
+_
2

0,2

AR Ak A * * *
Let (VI’VO’Z )ED XB xE  be such that

8J" (%.9.2")=0

From this and from the Legendre transform proprieties, for

AK

z

MO = E (S I/l
we obtain
& (u,)=0,

* [ A% AK AK * f A% Ak A%
J(uo)zJ (vl,vo,z ):J1 (vl,vo,z
and

* [ A% A% Ak
oJ, (vl,vo,z ):O

Page 93 of 124
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-(29)
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Observe that
2 * * * *
0°J, (vl,vo,z )

B

1 1 10
TV o ot
-yV +2vy+K-¢ K K

__ V- 10
(-rVi+2v, +K-£)(K) K°

(=7 VZ+2v, —£+10) K +10(—y V> +2v, )

(=7 V? +2v, + K —£)10K’

—_ 2 *_
_(Q(( rv J;é;{oz g+10)J+(9(1/K3)

Here we assume that
(—yV2)+(2ﬁg)+9 >0
so that, since J 1* is quadratic in z*, we obtain

* [ Ak Ak Ak . * Ak Ak *
J, (vl,vo,z )ZZI*IEIE*JI (vl,vo,z )

Moreover, we assume %, ¢, S are such that

82J1*(v1*,v;,2*)
o(v)

__l+(7( 10 )

o« 100°
1

<__
2a

and

2 % * *  a%
8Jl( 1,vo,z)

* *
ov, 0v,

z@( lozj
100

Page 94 of 124

-(30)

-1

-(32)
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inD* x B,
From such assumptions and results, since

* % Ak

62J1* (vl,vo,z
o(v)

we have that

):—(9(1/5)

det 62J1*(v;,v§,2*) _ 82J1*(v1*,v§,2*> 62J1*(vf,v§,2*) ~ azJ;(lil*,v§,2*
v o) o)) o,

1

2
)>O

inD" x B".
. * * * Ak ) A * * M M
From such results, we may infer that J| (V1 sVysZ ) 1s concave in (Vl ) Vo) on D" x B, so that

* [ A% A% Ak * * * oAk
J, (vl,vo,z ): sup J, (vl,vo,z )

(v;,v; )eD*xB*

From these previous results and a standard Saddle Point Theorem, we have got

J, (vl,vo,z ): sup {1*nf*J1 (vl,vo,z )}

(vr,v;)eD*xB* z ek

z ek (vl*,va)eD*xB*

:i*nf*{ sup Jl*(vl*,v;,z*)} .(33)

Finally, observe that
J(uy) =} (%.55.2")

SF;(u)+FZ(u,13;)—<u,z*>L2 +F;(z*)

Z*
—u,+ E

YueV,z eE

2
10
+—

2 .(34)

0,2

In particular, for z* = Ku, we obtain
J(uy) =} (.55.2")
<F (u)+F, (u,ﬁg)—FS(u)

+ %H(—uo + u)H2

0,2
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< sup{E(u)+}72(u,v;)—}73(u)}

[
vey

+%H(—u0 + u)”z

0,2

= () + (- )]

0,2

Vuel,

Joining the pieces, we have got

J ()= inf{J(u) Y, +u)HZ,2}

ueh
* [ A% A% Ak
=J, (vl,vo,z )

. * * * *
- s ()
z €E

(vr,v;)ED*xB*
. * * * *
= inf, sup  J, (VI’VOJZ )
z ek (vr,v;)eD*xB*
The objective of this section is complete.

5. A Fourth Duality Principle

Define K, =3, K > maX{K3,]/,Ot,ﬁ} and assume 7, Q, 3,

Fl(u,v;)zg_[QVu-Vu dx+§J-Qu2dx

+<M2,V; >L2 - <1/I, >L2

Define also,

fl.=o).

Define the functionals F/, : V' xY'—> R,F,: VxY - R and F,: > R by

Page 96 of 124

(39

-(36)

(7

-(38)
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4 z{ueV:”u”w <K, and uf 20, in Q}

{v; eV :HZVSHOO < 4/?/8}

B*

D =i ev |, <(3/2) KK, |
and

E'={z ev:|| <2KK, andz'f 20, in O}
* ]2 * +72 * *
Moreover, define the polar functionals F :[Y ] —->R,F, :[Y } —Rand F; :Y — Rby

F(vi.vy)= sup{<u,v1*>L2 - (M,V;)}

uel

1 (v +f )2
=— 21 " dx -(39)
299y V2 1 2v + K

F, (vl*,v;,z*) =sup {<u,—v1* + Z*>L2 - F, (u,v; )}

uel’

* * 2
(-v+2")

1
=

+i (v Y [ vy dx (40)

if v, € B". and

F; (z*) = sup{<w, Z*>L2 - F, (w)}

wel?

:i (= ) d (41

Furthermore, define the functional J*: B* x D" x E* — R by
()= F ()= F (v i)+ B (=)

and the exactly penalized functional Jl* :D" xB*xE"—> R by
Jl*(vl*,v;,z*) = J*(vl*,vg,z*)

2

B 100K>
2

vef
¥V +2v,+K K

0,2
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2

* *

v, oz
+

2K
+_ _
K 2K

2

0,2
Let (\31 Vo2 )E D xB xE be such that
* Ak Ak AK
oJ (vl,vo,z ):0
From this and from the Legendre transform proprieties, for

U, =—eV

we obtain

a (u,) =0,

() =" (3.55.2) =07 (5.5,.2)
and

5, (3.90,27) = 0

Observe that

82J1*(v1*,v;,z*)
8(2*)2
_to
K 2K
+2(L]2

2K

N S
2K 2K
=0

. * . . . . . . .
so that, since J, (up to an approximate convex regularization) is quadratic in z*, we obtain

* [ A% A% Nk . * [ A% A% *
J, (vl,vo,z )= inf J,| (vl,vo,z )

z €eE

* * * *
Moreover, for (V1 , Vo) eD xB , denoting

(i+/)
u= "
-y V2 +2v,+K

Page 98 of 124

(42

(83)
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we have

* * kA%
0°J, (vl,v z )

0°
o)

1 12

-yV*+2vu,+K K K

2
~100K*| — 5 ! . +L
-yV +2y,+K K

2K+yVI-2v, 2
(V' +2v+K)K K

2
—100K*| — - ! . +i
-yV: +2y,+K K

(—}/Vz +2v;)
(-7 V?+2v+K)K

2
—100K*| — - ! . +i
-yV:+2y,+K K

<0 .(44)

* * kA%
0°J, (vl,v z )

0°
o(v)

1 4u’

a —yVi+2u +K

4y’
(-7 V?+2v,+K)

—100K*>

-—100K*O(1/K*)

<0 ..(45)
and

2 ¥ * PR
0°J, (vl,vo,z )
* *
ov, 0v,

S T < P — 2
—yV242v +K VA2 + K K )(-y V420 +K)

~100K> O(1/K*) .(46)
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From such assumptions and results, by direct computation, we may obtain

det 0°J, (vf,vé,”) o°J; (vl*,vg,”*) o°J; (vf,vj‘,”) o°J; (vf,vé,”) 2>0
OV, 0v; ) (Vl* ) ) (v; ) oV, 0v,

inD* x B,

From such results, we may infer that J (V1 ,VO, z ) is concave in (V1 , Vo) on D" x B, so that

* [ A% Ak A% * * Ak
J, (vl,vo,z ): sup Jl( v, 0,2)

(Vl Vo )ED xB"

From these previous results and a standard Saddle Point Theorem, we have got

g (%,95.2" )= sup {ereng(vl,vo, )}

(vr ,v; )ED*XB

- mg{ sup  J; (v),vp, 2 )} 47)

("1 VO)ED xB"
Finally, observe that

I (ug)=J; (%,.9;,27)

SE(u,§;)+F’2(u,\3;)—<u,z*>Lz +F3*(z*)

Z*
_uo + RS

YueV,z eE

2

2K

> (49

In particular, for z* = 2Ku, we obtain
I (uy) =7 (%).95.2")
SE(u,ﬁ;)+Fz(u,ﬁ;)—F3(u)

+—H —u, +u)H2

<sup {F1 (u,vZ)+Fz(u,v;)—F3(u)}

[
veYy

= J () + K |(=uy + )], (49)
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Yuel,

Joining the pieces, we have got

J () =inf {7 (u) + K (= )] |

uel

* A Ak A
=J, (vl,vo,z)

= sup {ianf(vf,v;,z*)}

(v )eD"xB" Zel’
= inf*{ sup J, (vl*,v;,z*)}
2B | (o )en'xB
The objective of this section is complete.
6. A Fifth Duality Principle
Define K, =3, K> max{K,, a7, 8,1/ a,1/y.1/ B} .
Define the functionalsFl V> R,FZ: VxY >R andF3 :V—> R by

F}(u):gJ.QVu-Vu dx—(u,f>L2

F, (u,v;) = <u2,v;>L2 +§Igu2dx

_ij.g(v; )2 dx—ﬂj.gv; dx

K
F, (u) = ?J.Quzdx
Define also,

|4 ={ueV:||u||oo <K, and uf 20, in Q}
B =y ev: oy < ¥k}

D*:{ver*:

V1* Hw < W }
and

E ={z* E[Y*]:Hz*uw <KK, andz f >0, in Q}
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.(50)

.(51)

(52)

* %72 * x72 * *
Moreover, define the polar functionals F :[Y] —->R,F, :[Y} —> R and F; :Y" > Rby
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F (vl*) =sup {<u,vl*>L2 -F (u)}

uel

v +f
:_J-Q 1},v2

F, (vl*,v;,z*) = sup{<u,—vl* +Z*>L2 - F, (u,v; )}

uel’

1 (—vl*+z*)2
272 2y +K

dx

+ijg(v;)2 dx+ﬂjgv; dx
if v, € B and

F; (z*) = sup{<w, Z*>L2 - F, (w)}

wel?

1 .
:i Q(Z )2 dx

Furthermore, define the functional J*: B* x D* x E*— R by
J (vl,vo,z )=—F1 (V1 )—F2 (vl,vo,z )+F3 (z )
and the exactly penalized functional J 1* :D"xB"xE"— R by

* * * * * * * *
J, (vl,vo,z )=J (vl,vo,z )

(i)

Let (vl,vo, ) D" x B" x E” be such that

2

]
12aK;

0,2

8J" (9,9.2)=0
From this and from the Legendre transform proprieties, for

AK

u, =ZEGV1

we obtain

& (u,) =0,
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-(53)

-(54)

(59

-(356)
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* AF AR Ak * Ak AR Ak
J(uo):J (vl,vo,z )le (vl,vo,z )
and
* [ A% AF¥  AK
0J, (vl,vo,z )zO

Observe that

o°J; (vf,v;,z*)
8(2*)2
1 1
=t —
2v,+K K

. 1 (—yV2+2v;)
6aK; K’

inD*x B x E",
Assume \3; € B is such that
2 p* [ A% A% A%
0°J, (v1 Vps 2
2
N
o)

. * . .. % .
Therefore, since J. | 1s quadratic in z°, we obtain

)>O

* [ A% A% Ak . % [ A% Ak %
J, (vl,vo,z ):Zgg*]l (vl,vo,z )

* * * *
Moreover, for (V1 , Vo) €D xXB | wehave

o°J; (vf,v;,é*)
o)
_
oV v 4K
<0

and denoting

—vf+2*
Uu=—Hi—
2v,+K

we have
2 ¥ * * A%
0°J, (vl,vo,z )

o(v)
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-(57)

.(58)
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1 42 (Y
a 2v,+K 30{1{2 K
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Sm—
a 2vi+K 3a
.
3o 2v+K
<0 -(59)
and
0°J; (v1 , ;,2*)
OV, v,
. 2u
2\/; % ...(60)
From such assumptions and results, by direct computation, we may obtain
* ® A%k * * Ak 2
8J(v1,v0, ) 8J(vl,v0, ) 8J( )
det = — >0 ©1)
V0V, a(v1 ) a(
inD" x B".
From such results, we may infer that J (V1 ,VO, Z*) is concave in (vl* , V;) on D* x B, so that
J ({;15‘305 ): sup ‘] (VIJVO: )
(Vl vo)eD xB"
From these previous results and a standard Saddle Point Theorem, we have got
J; (\31*,\3;,2*) = sup {mf J; (V1 ,vo,z*)}
(vl* ,VS)ED*XB* z ek
AT IR @
1-70
Finally, observe that
I (ug)=J; (9. 9,2")
< AX _ * * *
<H (u)+F2(u,vo) <u,z >L2 +F (z )
* * 2
1 [ z | Z
bl =y VA = 420 = |- F
120K [ (Kj ’ (Kj » ~(63)
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YueV,z eE

In particular, for z* = Ku, we obtain
J(ug) =, (1.95.2")
SFl(u)Jer (u,ﬁg)—ﬂ(u)

1

+ 2
12aK;

(—7 Viu +2vu —f)

2
0,2

< sup {Fl (u)+F, (u,v; )~ F, (u)}

voeY”
1 N
ek’ (-7 Vus2iu-r),,

1 o
= J(u)+mu(—yvzu+2vou—f)

2
02 (64)

Yuel,

Joining the pieces, we have got

J(y)- %{J(W (v s,
3
- Jl* ({)1*9"};:2*)

= sup {ianl*(vl*,v;,z*)}

(v )eD"xB" Zel’
:}25*{ sup i )} (69
(v JeD’xB
The objective of this section is complete.
7. A Sixth Duality Principle
Define K; =3, K > max{K3,a,7,,B,1/a,l/y,l/ﬂ} and < g < 1.
Define the functionals 7/, : V- R, F,: VxY - R and F,: V- R by

&

F (u) = Ejguzdx —<u,f>L2 ..(66)

F, (u,vg) = gJ.QVu-Vu a’)c+<u2,v;>L2 +§_L2u2dx
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_£ ude—iJ.Q(vg )2 dx—,BJ'Qv; dx (67)

Define also,

4 ={ueV:||u||wSK3 and uf >0, in Q}
B :{v; ey :HZVZHOO S%}
D*={ver*:Hvl*HwS§/E}

and

E :{z* E[Y*]:HZ*HOO <KK, andz f >0, in Q}
Moreover, define the polar functionals Fl* 2[Y*] —->R, F; :[Y*}3 — R and F; 1Y > Rby

F’ (vl*) =sup {<u,vl*>L2 -F (u)}

uel

N 2
_1 j (V1+ ) dx -(68)
270 &

F, (vl*,v;,z*) = sup{<u,—vl* +Z*>L2 - F, (u,v; )}

uel’

:lJ. (2—\/’1* +*Z* )2 N
20—y V +2y +K—-¢
+i Q(v;)z dx+ﬂjgv; dx -+(69)
ifv, e B,
(=) =supl{m =), - ()
1 )2
- Q(Z ) dx .(70)

Furthermore, define the functional J*: B* x D* x E*— R by

J*(vl*,v;,z*)z—Fl*(vf)—ﬂ*(v:,v;,z*)+173*(z*)
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and the exactly penalized functional J 1* :D"xB"xE"—> R by

* * * * * * * *
J, (vl,vo,z ):J (vl,vo,z )

2
1 z Az
t—— |-y V| = |+2v | = |-
12aK; 4 (KJ 0[1(} foz (1)

AK

Let (\31 Vo2 )E D xB xE be such that

8J" (¥).%,,2")=0

From this and from the Legendre transform proprieties, for
A

z
u,=—¢el

we obtain

aJ(u)=0,

I ) =" (790,27) = 7 (.90, 2)
and

8J; (%,9,2")=0

Observe that

0°J; (vl*,v;,z*)

B

1 1
2vp+K-¢ K

. 1 (—yV2+2v;)2 ”
6ak’ K 7

inD*x B x E,
Assume \3; e B is such that
o*; (9, 9;.2°
2
8(2*)

. * . .. % .
Therefore, since J. | 1s quadratic in z°, we obtain

)>O

* [ A% A% Ak . % [ A% Ak %
J, (vl,vo,z ):Zgg*]l (vl,vo,z )
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% % * *
Moreover, for (V1 , Vo) €D XB , wehave
2 * * A%
0 J, (vl,vo, )
2
*
o(v))

1 1

e —yV2+2v,+K —¢

<0 A73)

and denoting

—v +£
—yV +2v,+K—¢

we have
0°J; (vl, ;,2*)

o)

1 4 L2 Y
a -yV+2v,+K-¢ 3aK;\ K

1 4’ 2
T m—— +—
a —-yV +2y,+K-¢ 3a
1 4u’
3a —yVi+2y,+K—¢
<0 (74)

and

0’ J (vl, ;,2*)
6v18v0

_ 2u
—-yV> + 2v; +K-¢ (75

From such assumptions and results, by direct computation, we may obtain

et o*J; (v:,v;,A*) _ o°J; (vf,vE,A*) 0°J; (vl*,vzg,ﬂ*) ~ 0°J; (vl*,v;,A*) 2>0
v, 0v; 0 ("1* ) 0 (v; ) v, 0v, -(76)

inD* x B".
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* * * Ak ) A * * M .
From such results, we may infer that J| (V1 sVysZ ) 1s concave in (Vl ) Vo) on D" x B, so that

* [ Ak Ak A% * * * Ak
J, (vl,vo,z )= _sup *Jl (vl,vo,z )
(vl,vo)eD xB

From these previous results and a standard Saddle Point Theorem, we have got

¥ f Ak AE A% . * * * *
J, (vl,vo,z ): sup {erng (vl,vo,z )}

(vr ,v; )GD* xB"

=, AUREY A7)
Finally, observe that
I (ug) =, (.55.2")
SF;(u)+1~;(u,ﬁ;)—<u,z*>L2 +F (2
2

1 N [z
+ —yVi| —=+2v,| —= |-
12aK; [ 4 (Kj O(Kj fjoz (78)

YueV,z eE

In particular, for z* = Ku, we obtain
J(uy) =, (%.55.2")
<F(u)+F, (u,ﬁg)—ﬁg(u)

1

+ 2
12aK;

(—7 Viu +2vu —f)

2
0,2

< sup {F1 (u)+Fz(u,v;)—F3(u)}

Uk
voeY

1 o 2
i 120£K32 H(-}f Viu+ 20 - f)Hoz
= J(u)+ 1201K2 (—7 Viu+ 2\3;u — f) 2’2 .(79)
3
Yuel,

Joining the pieces, we have got
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J(uy) = }g{ {J(u) + 1201K2 H(_7 Viu+20,u - f>”22
3
=J; (%7.55.2")

= sup {inf*Jl*(vf,v;,z*)}

(vr,v;)ED*xB* z ek
= l*ng* . ?up* . Jl (vl 7v09 z ) (80)
Z€ (vl ,VO)ED xB
The objective of this section is complete.
8. A Duality Principle for the Complex Ginzburg-Landau System

Let Q c R® bean open, bounded and connected set with a regular (Lipschitzian) boundary by oQ) .

In this section, generically we denote,
(h 1)1 :Re“ghl,h;,dx},wzl,hz e I} (2;C)
with similar notations for vectorial cases.

Here, h; denotes the complex conjugate of /4, and R [z] denotes the real part ofz € .

Now, define a complex Ginzburg-Landau type functional J: ¥ — R , by

J(u,A) = %J.Q|Vu —i,oAu|2 du

a 2
+EJ-Q(”2 _'B) dx—(u, [),:
1
+§J-9|CurlA-B0|2 dx -(81)

Here,

Vi =Wy (&C)

v, =w"(QR?)
and

V=XV,

Moreover, 7> 0, a>0, >0and f € L” (Q; C) . We also denote

Y=Y =1Q),
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Y, =Y, =L (QC)
and

Y=Y =0 (C)

12 (A . . . . .
Here u € W, (Q, Q denotes the local density proportion of super-conducting electrons in the superconductive

sample Q.
Also, A: w'? (Q; R’ ) is a magnetic potential and B, € r (Q; R’ ) denotes an external magnetic field.
Define K, =3, K > max{K,,a,y, 8,1/ a,1/y.1/ B} .

DefinethefunctiondsF, : ¥ — R,F,: ¥V, xY'—> R and F,: ¥, > R and F, : V' xY — R by

F (u) :%J-Q|Vu —1',0Au|2 dx

-(82)
F, (u,v;) = <|u ’ ,v;>L2 +§J-Q|u|2 dx
—i (v) dx—p]_vi -(83)
F, (u) = KJ-Q|u|2 dx
and
F, (u,A, vl) = <Vu —i,oAu,vf>L2
+§J.Q|u|2 dx—<u,f>£2 -(84)

Define also,
V, = {u € V:||u||w <K, in Q}

*

B*:{v ey

ZVZHOO < W}

(=TI

*

>
I

—

m
~

v e v S\/SK}
00
£

* *

D, =iv, e

gy

[\S]

{
{ ], (3/2) kK |

*

E={zey:

7|, <2kK,in Qf

and assuming the Gauge of London
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E ={AeV,:divA=0,in Q and A-n =0, on 6Q}
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Moreover, define the polar functionals F1* :Yl* >R, F; :Y; xY" x Y; —> R and F; :Y; — R and

F, Y, xY xY, xV, >R by
F(v)= §g§{<w’vf P AL dX}
=T il as

F, (vl*,v;,z*) = sup{<u,—v; +z /2>L2 —F, (u,vg )}

uel

B ‘ v, +z /2‘
__j 2V +K

+i Q(V;)Z dx+ﬂJ.Qv; dx

ifv,eB

F, (z*) = sup {<w, Z*>L2 - F, (w)}

wel?
= L Q(z* )2 dx
and

F, (v;,vf,z*,A) = sup{<u,v; +z*/2>L2 -F, (u,A,vl*)}

uelV
* * . * . * 2
+z /2+divy, +ipA-v, +f‘ J
x

i
_ELZ K

+i Q(v;)zdx+ﬂjgv; dx

Furthermore, define
1
F(A)= ngcurl A-B,|" dx

define also the functional J* ;Dl* x D; x B x E" x E, >R by

* * * *

J*(vz,vl,vo,z A) —F( ) F;(v;,v;,z*)JrF;(z*)—ﬂ*(v;,v:,z*,A)+Fs(A)

-(85)

-(86)

-(87)

(89
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and the exactly penalized functional J*: D'x D) x B x E" x E, — R by

* * * * * * * * * *
J, (vz,vl,vo,z ,A)zJ (v2,v1,v0,z ,A)

% 2
Kl . * . * * zZ
+7 —divy, —ipAv, +2v, ﬁj_f N -(89)

A

AKX AK Ak aK * * * *
Let (1/2,1/l V> Z ,A) €D, xD,xB xE xE| be such that
* [ A%k A% A% Ak 2
8J"(%,5,%,,2,A)=0
From this and from the Legendre transform proprieties, for

u,=——e€l,

2K

we obtain
8.J (uy,A) =0
L X N N T A L R N S IS A
J(uO,A) =J (vz,v1 Vo2 ,A) =J, (vz,v1 Vs 2 ,A)
and
* [ A%k A% A% Ak 2
8J; (%,5,%,,2,A)=0
Here K, > 0 is the largest positive (in fact close) real constant such that Jl* (V;,VT,V;, 2*’ A) is concave in
* * AW * * *
(vz,v1 ,vo)m D, xD,xB .
Observe that J, 1* is quadratic in (z", A). Here we assume K > 0 is also such that
2 px [ A* A% Ax A% R
0°J, (vz,vl,vo,z ,A)

det a(z*)aA

>0

Therefore, since J. 1* is quadratic in (z*, A), we obtain

* [ A%k A% A% A% . * [ A% A% A% %
J, (vz,vl,vo,z ,A): inf J, (vz,vl,vo,z ,A)

(z*,A)eE*xEl
Also, from the previous mentioned concavity,

* [ A% Ak Ak Ak R [ x k %k A% R
J, (vz,vl,vo,z ,A)z sup J| (vz,vl,vo,z ,A)

xox ek ok
(vz WV )ED2 xD; xB

From these previous results and a standard Saddle Point Theorem, we have got
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s [ A% A% Ak A% R . * * * * *
J, (vz,vl,vo,z ,A)z sup { inf J, (vz,vl,vo,z ,A)}

(v; ,vl*,va)eD;xDpr* (Z* ,A)eE’“xEl

= inf s Jy(viv vz A
(" A", {(V;,v:,vg)ggw;xg* 1(Vz Vis Vg, Z )} .(90)
Finally, observe that
J (g A) =5 (53,77, 5;,27,A)

<F (u,A)+F, (u,ﬁg)—<u,z*>Lz +F3*(z*)+§'|.g|u|2 dx

2

+F, (A)+71 —divv, —ipAv, + 27, {;—Kj—f N e
VueVl,z* eE*,AeEl.
In particular, for z* = 2Ku, we obtain
J (o A) =7 (3,5,5,,27,A)
<F(u A)+F (u ﬁ*)—F (u)+£J. |u|2dx
— 1 s 2 >0 3 2 Q
Kl oo o m aa 2
+F, (A)+7H—dlvv1 —ipAv, +2vou—fHO,2
<sup{F(u)+F (u v*)—F (u)+£J. |u|2 dx}
_v;EY* 1 2 >0 3 2 Q
Kl . AK . Ak Ak 2
+F, (A)+7H—dlvv1 —ipAv, +2vou—fH02
K . AE 2
=J(u,A)+71H—d1vv1 —ipAv, +2vou—fH(L2 .(92)

Vuel,
Joining the pieces, we have got

J(u,A)= inf {J(u,A)+%H—divﬁf—ipAﬁl*+2\3;u— szZ}

(u,A)el xE,

* [ A%k A% Ak Ak A
=J, (vz,vl,vo,z ,A)
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= sup { inf Jf(v;,vf,v;,z*,A)}

(v; ,vl*,va )eD;xDl* xB" (Z*»A)GE* xE
. * * * * *
= . lnf* Sup Jl (V2,V1 jVOJZ 7A) (93)
(Z »A)EE xE, (v;,vl*,v;)eD;xDl*xB*
The objective of this section is complete.

9. An Eighth Duality Principle
Define K, =3 and K> 0, K, >0, K, > 0 such that

K,> K > K> max{K,,a,7,5,1/ally,1/p}.

DeﬁnethefunctionalsF1 V> ]R,F2: V— R,F3:V>< Y- RandF4: VxY — R,by

K
E(“)Z%IQVU'VL! dx+71J.Quzdx—<u,f>L2 -(94)
K
F,(u)= —jjguzdx 95)

F, (u,v;) = %J.Quzdx—ijg(v; )2 dx—ﬂjgv;dx

and

F, (u,v;) = —<u2,v;>L2 +§J-Qu2dx
Define also,

4 z{ueV:”u”wSK3 and uf >0, in Q}
B*:{v; ey :HZVSHDO S%}

D = {(vf,v;) e¥' xY": V| <(3/2) KK, and

<(3/2)KK|

*
v,

and

E' ={z"ev:||, <(3/2) KK, andz'f 20, in Q

Moreover, define the polar functionals E* :[Y*]z ->R, F; :[Y*] —>R, F; :[Y*T —> R and
F (YT >Ry

F (vf,z*) = sup{<u,v1* +Z*>L2 -F (u)}

uel’
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* * 2

1 (v1 +z +f)
=—| ~———dx (96)

279 —yV°+K,

F () =inf {{u33)  ~ F, (u)}

- J‘Q 9 dx (97)

+— (v; )2 dx+f IQ vydx -(98)

i ()
=2 J'Q N dx -(99)

Furthermore, define the functional J*: B* x D* x E*— R by
J*(vl*,v;,v;,z*):—Fi*(v:,z*)—F;(v;)+F;(vf,v;,vg)+1ﬂ*(z*,v;)

and the exactly penalized functional J 1* :D"xB"xE"—> R by

* * * * 2
K| vi+z+f v1+v2|
6K| -rV+K, K |,
2 * * * 2
_KzK1 vty |
> X + % ‘ .(100)
TPl

AK

Ak Ak Ak * * %
Let (V1’V27V0:Z )ED X B x E be such that
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From this and from the Legendre transform proprieties, for

A

Vs

we obtain

& (u,)=0,
N X I RN RN I N B
J(uo)zJ (vl,vz,vo,z ):J1 (vl,vz,vo,z )
and
# [ A% A% Ak Nk
oJ, (vl,vz,vo,z ):O
. . * . * * *
Observe that for K, > K, > K > 0 as previously specified, we have that J, is concave in |V, ,V,,V, ) and
2 1 p Yy Sp 1 1225 %0
convexinz', inD" x B x E".
. * o, .. % .
Therefore, since J. | 1s quadratic in z°, we obtain
* A Ak AK Ak . * [ A% Ak AX *
J, (Vl,vz,vo,z ): 1*n£*J1 (vl,vz,vo,z )
AN S

P

* *
Moreover, from the mentioned concavity in (V1 sV, Y, ) we have

* AR A% Ak Ak * * * E
Jl (Vlavzavmz ): sup Jl (vlaVZaVOaZ )
(vr ,v;,v;)eD*xB*
From these previous results and a standard Saddle Point Theorem, we have got

* [ Ak A% Ak Ak . * * * * *
Jl (VlavzaVOJZ ): sup {l*nf*Jl (vlavbvo,Z )}
(vl*,v;,vg)eD*xB* z eE

=inf{ sup  J;(v.v.2) .(101)
z ek (vl*,v;,va)eD*xB*
Finally, observe that
I (ug) =, (¥,%5,95,2")
<F(u)+F, (ﬁ; ) —<u,ﬁ;>L2 —<u, z*>L2 +F, (u, v, ) +F, (z*,ﬁg) .(102)

YueV,z eE

In particular, for z = —Zﬁ;u + Ku and recalling that

we obtain
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AF AF Ak

J(uo):Jl*(v1 ,vz,vo,f*)

AK

SE(u)—F;(vz)+<u,\3;>L2 +F, (u,ﬁg)—lﬂ(u,f/;)
<F(u)=F (%) +(u,9)),

+sup {F3 (u,v;)—F; (u,v;)}

VSEY*
K
=J () + = ~u,, .(103)

Vuel,

Joining the pieces, we have got

) K
J (u,) =inf {J(u)+71||u —uO”i2

uel]

AK Ak Ak

* AK
=J (vl,vz,vo,z )

= sup {mf A (vl,vz,vo,z )}
z €E

("1 v2 vo)eD xB"
. * * * * *
= inf, sup  J, (Vl V25V, 2 ) -(104)
z ek (vr ,v;,v;)eD*xB*
The objective of this section is complete.

10. A Ninth Duality Principle
Define K, =3 and K> 0, K, > 0 and K, > 0 be such that

K,> K, > K> max{K,,a,7,f,1/ a1l y,1/B}.

DeﬁnethefmnctionalsF1 V> R,FZ: VxY — R,F3:V—> ]RandF4: V— R, by

K
F (u):gJQVu-Vu dx+?jgu2dx—(u,f>ﬁ .(105)

F, (u,v0 <u v0> —J.

_i [ () dx-p | vids (106)

K +K
F, (u) = (1—;_)jgu2dx .(107)
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and

(-K, +K)

F,(u)= 5 J.Quzdx

Define also,
Vi z{ueV:”u”w <K, and uf 20, in Q}

B = ev:[oyy] <Vk]}

D ={ier iy, <(3/2) KK,
and
E :{z* ey IHZ*HOO <KK, andz f >0, in Q}

*

E, {zl* ey HZIHOO <KK, andz f>0,in Q}

* %72 * %3 * %72
Moreover, define the polar functionals F| :[Y} —->R, F, :[Y] —->R, F :[Y] —> R and

F (YT >Ry

o (vf,z*) = sup{<u,v1* +Z*>L2 -F (u)}

uel’

* * 2

1 (vl +z +f)
=—| ———+dx ..(108)

2@ —yV°+K

F, (vl,vo,z ):inf{<u,—v1 +z >2 —Fz(u,vo)}
uelV L
* * 2
(—v+2")

1
:EJ.Q 2v, + K

+i (i) de+ B vidx -(109)

if v, € B, and

F, (Z*,Zl*) = sup{<u,z* +ZI*>L2 -F (u)}

uel’

* *\2
:2(K1+K)IQ(Z +2,) dx (110)
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and

F, (Z*,Zl*) = inf{<u,z* —ZI*>L2 —-F, (u)}

uelV

1 . )2
:—2(—K1*+K)'[Q(Z —Zl) dx

Furthermore, define the functional J*: D" x B"x E] x E;, — R by

s

J
and the exactly penalized functional .J. 1* ‘D x B x El* X E; — R by
J (vl,vo,z » 2 )=J (vl,vo,z ,zl)

2

Kl _a
2 |k K|,

* * 2
1 [ z « z
+——-r V| — [+2v,| — |-
12ak?|| ” (K] °[Kj fM

Ak

Ak K Ak * * * *
Let (VI’VO’Z aZ1)€D X B x E, x E, be such that
oJ (vl,vo,z ,21)20

From this and from the Legendre transform proprieties, for

vz 5 7
uO = S = i = —c Vl
K+K K, K
we obtain
& (u,)=0,

J(ug)=J" (99,272 ) =) (¥.%.27.2)
and
* Ak Ak AK AK
0J, (vl Voo Z 52 ): 0
Observe that for K, >> K > 0 as previously specified, we have

2 p* [ A% Ak A% Ak
a Jl (VI’VO’Z ’Zl) 1 1

o) CyVP+K 20 +K

* % * ok * * * * * * * * * * * *
(VI,VO,Z 921):_}71 (VI,Z )_F‘z (VI,VO,Z )'|‘F'3 (Z ,Zl)+F:‘ (Z ,Zl)

Page 120 of 124

~(111)

-(112)
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1 +£§+%(—yv2+2ﬁg)2
K,+K -K +K K® 6aKK
>0 (113)
O (9.%,258) LK
a(zf)z K +K -K+K K’
>0 (114)
and
U (.90.27.2) 1 1K
P = t———= 7 (115)
0z'0(z)) K,+K K -K KK

Through such results, assuming \7; € B'is such that

2(yvie2) (V)

5= (Vi +K) (25 +K) (6aK2K?) W
we obtain
o oy (3.5,22) | [0 (3025 | @ (3925 | (07 (3.90.27.5) ’
82*8(zf) a(z* )2 a(zf )2 62*8(25)
K}
~0 (116)

From such a result, since J. | 1s quadratic in (Z > Z4 ), we have

* [ A% A% Ak A% . s [ Ak Ak * Nk
J, (vl,vo,z ,zl): _inf J| (vl,vo,z =Z1)
(z ) )eElez

On the other hand
* o, . * *\ * * 5 5
J, is concave in (V1 ,VO) inD xB xE, xE, so that
* [ A% Ak Ak Nk * * * Nk *
J, (VI,VO,Z ,Zl)= sup J, (vl,vo,z ,Zl)
(VF,VS)ED*XB*
From such results and a standard Saddle Point Theorem we may infer that

% [ A% A% Ak A% . * * * * *
J, (vl,vo,z ,zl): _inf sup J, (vl,vo,z ,zl)
(z - )eEleZ (VI*,V;)ED*XB*
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. * * * * *
= sup { cinf J) (vl,vo,z » 2, )}

(vr,v;,zl*)eD*xB* (Z »2 )GEIXEZ

Finally, observe that

Ak Ak Ak ,\*)

J(uo)le*(vl,vo,z » 2,

SFl(u)+Fz(u,ﬁ;)—2<u,z*>L2 +F3*(z* +zl*)+<u,z* —Z:>L2 —F, (u)

2

& Z*_Zl*
2|k K|,
1 * * 2
+ A VAl = I, g =
1ak?| " (Kj °[Kj f02

YueV,z ek .,z €k,
In particular, for z~ € El* and Zl* € E, such that

zZ'=Ku
and
*
z, =Ku
we obtain

Ak Ak Ak ,\*)

J(uo)le*(vl,vo,z » 2,

Y
=EIQVu-Vu a’x—<u,f>L2

+(u?, ;) , ——j ) dx - B ¥ dx

12a H—;/V u+20u— f”

S%J'QVu'Vu a’x—<u,f>L2

+sup {<u2,v;>L2 _ijﬂ(‘}; )2 dx —ﬂjg vy dx}

U
veY

12aK2 H 7 Viu+20u - f”

Page 122 of 124

-(117)

-(118)
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:%IQVu-Vu dx+%J. (UZ —,3)2 dx—<”’f>L2

+ﬁ”—)/ Vu +20u - in2
= J (u) +ﬁ”—y VZu+ 20— in2 .(119)

Yuel,

Joining the pieces, we have got

J (uy) = igyf{](u)+ﬁ”—yvzu + 20— fHZ,z
3
=J; (%.9,.27.)
= inf sup J; (vf,v;,z*,zl*)

(Z* ,ZT)EEIXEZ (vl* ,v; )ED* xB"

= sup {( inf Jl* (VI*,VS,Z*,ZI* )} ..(120)

(v;,vé)eD*xB* z aZl)EElXEZ
The objective of this section is complete.

11. Conclusion

In this article, through a D.C. approach, we have developed duality principles and related convex dual variational
formulations suitable for an originally non-convex primal ones. As a first application, we have set a duality principle and
respective convex dual formulation for a Ginzburg-Landau type equation.

We highlight the results here obtained are applicable to a large class of models in the calculus of variations,
including some plate and shell non-linear theories, other models in superconduc- tivity, phase transition and micro-
magnetism, among many others.

In a near future research we intend to apply such results to some of these mentioned related models.

Conflicts of Interest

The author declares no conflict of interest concerning this article.

References
Adams, R.A. and Fournier, J.F. (2003). Sobolev Spaces, 2™ Edn., Elsevier, New York.

Annet, J.F. (2010). Superconductivity, Superfluids and Condensates, 2" Edn., Oxford Master Series in Condensed
Matter Physics, Oxford University Press.

Attouch, H., Buttazzo, G. and Michaille, G. (2006). Variational Analysis in Sobolev and BV Spaces. MPS-SIAM Series in
Optimization, Philadelphia.



Fabio Silva Botelho / Int.].Pure&App.Math.Res. 5(2) (2025) 83-124 Page 124 of 124

Bielski, W.R. and Telega, J.J. (1985). A Contribution to Contact Problems for a Class of Solids and Structures. Arch.
Mech., 37(4-5),303-320, Warszawa.

Bielski, W.R., Galka, A. and Telega, J.J. (1988). The Complementary Energy Principle and Duality for Geometrically
Nonlinear Elastic Shells. I: Simple Case of Moderate Rotations Around a Tangent to the Middle Surface. Bulletin
of the Polish Academy of Sciences, Technical Sciences, 38(7-9).

Botelho, F. (2011). Topics on Functional Analysis, Calculus of Variations and Duality. Academic Publications, Sofia.

Botelho, F. (2012). Existence of Solution for the Ginzburg-Landau System: A Related Optimal Control Problem and its
Computation by the Generalized Method of Lines. Applied Mathematics and Computation, 218, 11976-11989.

Botelho, F. (2014). Functional Analysis and Applied Optimization in Banach Spaces. Springer, Switzerland.
Botelho, F.S. (2009). Variational Convex Analysis. Ph.D. Thesis, Virginia Tech, Blacksburg, VA-USA.

Botelho, F.S. (2020). Functional Analysis, Calculus of Variations and Numerical Methods for Models in Physics and
Engineering. CRC Taylor and Francis, Florida.

Botelho, F.S. (2021). Advanced Calculus and its Applications in Variational Quantum Mechanics and Relativity Theory.
CRC Taylor and Francis, Florida.

Botelho, F.S. (2023). Dual Variational Formulations for a Large Class of Non-Convex Models in the Calculus of Variations.
Mathematics, 11(1), 63. https://doi.org/10.3390/math11010063-24 Dec 2022

Botelho, F.S. (2023). Duality Principles and Numerical Procedures for a Large Class of Non-Convex Models in the
Calculus of Variations. Preprints, 2023020051. https://doi.org/10.20944/preprints202302.0051.v95

Ekeland, I. and Temam, R. (1976). Convex Analysis and Variational Problems. North Holland Elsevier.

Galka, A. and Telega, J.J. (1995). Duality and the Complementary Energy Principle for a Class of Geometrically Non-
Linear Structures, Part I: Five Parameter Shell Model; Part II: Anomalous Dual Variational Priciples for Compressed
Elastic Beams. Arch. Mech.,47,677-698, 699-724.

Landau, L.D. and Lifschits, E.M. (2008). Course of Theoretical Physics. Vol. 5-Statistical Physics, Part 1, Butterworth-
Heinemann, Elsevier.

Rockafellar, R.T. (1970). Convex Analysis. Princeton Univ. Press.

Telega, J.J. (1989). On the Complementary Energy Principle in Non-Linear Elasticity, Part I: Von Karman Plates and Three
Dimensional Solids, C.R. Acad. Sci. Paris, Serie II, 308, 1193-1198; Part II: Linear Elastic Solid and Non-Convex
Boundary Condition. Minimax Approach, ibid, 1313-1317.

Toland, J.F. (1979). A Duality Principle for Non-Convex Optimisation and the Calculus of Variations, Arch. Rat. Mech.
Anal.,71(1),41-61.

Cite this article as: Fabio Silva Botelho (2025). On Nine Duality Principles and Related Convex Dual Formulations
Through a D.C. Approach for Non-Convex Optimization. International Journal of Pure and Applied Mathematics
Research, 5(2), 83-124. doi: 10.51483/1JPAMR.5.2.2025.83-124.




	Title and Authors
	Abstract
	1. Introduction
	2. The Main Duality Principle and Related Dual Variational Formulation
	3. Another Duality Principle
	4. One More Duality Principle
	5. A Fourth Duality Principle
	6. A Fifth Duality Principle
	7. A Sixth Duality Principle
	8. A Duality Principle for the Complex Ginzburg-Landau System
	9. An Eighth Duality Principle
	10. A Ninth Duality Principle
	11. Conclusion
	Conflicts of Interest
	References
	Cite this article as



