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Abstract. In this paper, we investigate the concept of hesitant intuitionistic f-strongly prime submodules of an
module M. The fundamental properties of this concept are systematically investigated. In particular, it is proved that
the intersection of any two hesitant intuitionistic f-strongly prime submodules is again a hesitant intuitionistic §-
strongly prime submodule. Furthermore, it is shown that every hesitant intuitionistic f-strongly prime submodule is
necessarily a hesitant intuitionistic f-prime submodule. A characterization of hesitant intuitionistic f-strongly prime
submodules is also obtained, and their connection with classical strongly prime submodules is examined through the
characteristic hesitant intuitionistic f-set. The obtained results extend existing theories on f -intuitionistic §-
submodules and provide a broader theoretical framework for studying algebraic structures under hesitant
intuitionistic f-environments.

Keywords: Hesitant intuitionistic f - set, hesitant f - submodule, hesitant intuitionistic f - submodule, hesitant
intuitionistic f - strongly prime submodule.
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1.ilntroduction

The theory of f -sets, introduced by Zadeh [12], has become one of the most influential mathematical
frameworks for modeling uncertainty and vagueness. To overcome the limitations of classical f - sets,
Atanassov [2] proposed intuitionistic f - sets. Later, Torra [11] introduced hesitant fuzzy sets to represent
hesitation in membership evaluation. The integration of these concepts has led to hesitant intuitionistic f -
sets, which provide a more flexible framework for handling complex uncertain information. In module
theory, prime and strongly prime submodules have been extensively investigated. Their f - extensions
were studied by Bharbet and Kumar [3], while several properties of intuitionistic f - prime submodules
were established by Poonam K. S. and Gagandeep K. [7]. Moreover, Azizi [1] and Khashan H. A. [5]
contributed to the development of prime and almost prime submodules. More recently, Fadhil M. J.
Mohammed and R. Hadi [4] introduced hesitant § - strongly prime submodules. Despite these
developments, several structural properties and characterizations of hesitant intuitionistic f - strongly
prime submodules remain unexplored. Motivated by this gap, the present paper introduces the notion of
hesitant intuitionistic f - strongly prime submodules, establishes their fundamental properties, and
provides new characterizations that extend and generalize existing results in the literature.

2.iPreliminaries

In this section. We list some definitions, and upshots needed in the advance sections.

Definition(i2.1) [12] :Let X be a reference set, and let I = [0,1]. A f-set Y is a function Y : X — 1. The
value Y(y) signifies the degree of membership of y to X. All f-sets are collectively denoted by IV.
Definition(2.2)[2]: An intuitionistic f-set E of reference set X is defined as :

E = {< vy Ye()og(y)>: v € X}. Where Yg:X — [0,1]iand qjz: X = [0,1]. Signifies the degrees of
membership and non-membership of all y € X in the set E, respectively. These functions must satisfy the
condition : 0 £ Yg(y) + qg(y) < 1 for y € X. The gathering of all intuitionistic f-sets on X is denoted by
IF(X). Also: mg(y) =1 —Yg(y) — ag(y),Vy € X the intuitionistic index or hesitancy degree of E. It is
obvious that, 0 <tz < 1, for ye X.
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Definition(2.3)[11]: A hesitant f-set E of reference set X is a map h: X = P([0,1]). Where E ={<
y,hg(y) >:iy € X}. And hg(y) is a set of some values in [0,1]. Such that when applied to elements of X, it
returns a subset of the interval [0,1].

For any hesitant intuitionistic f -set A and for every y € X, let Y;lA(y) denote the set of all possible
membership degrees of y, and qyp,,, (v) denote the set of all possible non-membership degrees of y
Furthermore,
~ - ) ~ ~ o+ N
YhA (Y) = mlnYhA (Y)’ YhA (y) = max YhA (Y)'
N - > A + N
Oh, (¥) =mmo, (), on, () =maxap,(y).

Definition(2.4)[10]:Let ¥ and o] are two maps from a reference set X to the association of subsets of 1.
And let A= {<y, Y;,A[y), ah, (y) > /y € X}, then A is called a hesitant intuitionistic f -set (HIFs) on X, where
values Y;,A(y) and ayp,, (y) represent the potential membership and non-membership degrees of y€ X to

the set A respectively. Which satisfy ¥y, () + o, " (y)< 1 and Y;,AJr(y) +op, (V) sl
Definition (2.5)[6]: Let A and B are two be hesitant intuitionistic § -sets of the forms A= {<
Y ¥n, (), 0, () >/y € X} B = {<y, ¥nz (v), 0l ()1 >/ y € X} on X then:
a) iA c Bifand only if Yy, (y) € Ynz(y)and opp, (y) 2 opp, (y) for y€ X.
b) A=B ifandonlyif A S BandiB 2 A.
) A= {<y, 0, (), ¥n, (v) >1y € X}
d)AUB = {< y, ¥, U ¥ny &), 0tn, ) N 0y (v) >/y € X}
Where:
= UY1€Y};A(Y):Y2€Y};B(Y) maX{Y1 Y2 } and (YhA U YhB)(Y)
= Uyleal}‘,A(y),yzeal}‘,B(y) min{Y1 Y2 }(OﬁlA n OlhB)(Y)
e)ANB = {<y,Yn, ) N ¥ng(¥), 0ln, (¥) U 0l (v) >/y € X}
Where:
= Uy v, 0)y26¥ng @) minfy; ,y, } and (Yh, N ¥ng) ()
(OﬁlA U Olilg)(Y) = UyleqﬁA(y),yzeo]le(y) maX{Y1 Y2 } .
Definition (2.6)[8]:Let x4 ) be a hesitant intuitionistic f -point (HIFP) of X such thatai,f € [0,1],
, . _f(i(@B) o dy=x
defined by : X (v) = {i((b, [01]) : iy#x
In this case x is said to be the support of x(, gy, and a, are said membership value and non- membership
value of X, gy respectively.
A HIFP x(q ) is called belong to a HIFs Aiof X meant by x(, p) € A, a € Yy, (X)iand B 2 ap, (%).
Definition(2.7)[8]: A hesitant intuitionistic f -set A in X, such that (a, 8)-level set defined by : AH(a,B) =
{y €X:¥1,( 2 «, 01, (¥) < B}. Where o, B < [0,1].
Definition(2.8)[8]: Let A subset of X. The characteristic hesitant intuitionistic f -set of A, denoted by xy,,,
is defined as: xn,(¥) = < Yhy, (¥), Olny, (¥): y € X >, where:
_([0,1] ifyeA _{(D ify e A

¥ ) '{(z) ify ¢ A M =01]  ifyea
Definition(2.9)[4] : A hesitant f -set h of M is called hesitant { -module (HFM ) of R-module M if for a,b €
M, s €R.
() h(a— b) 2 h(a) n h(b) (ii) h(sa) 2 h(a)
Definition (2.10)[3] : A sub-module N of M is called strongly prime submodule ( in short, S-p-SM) of M if
rxe€Nforr € Rir # 0and x€ M, thenx € N.
Definition(2.11)[9]: A hesitant intuitionistic f- set A = (Yf,A, 0Olh, ) of M is called hesitant intuitionistic f-
module (HIFM) if:
1) Y},A (6) =[0,1], a1n, (6) = @, where 0 is a zero element of M,
2) Yoy (x+¥) 2 ¥, () 0 ¥, (), and o, (x +y) S 0, (9) U 0 (9), Y%y €M,
3) ¥n, (8%) 2 Yh, (%) and qp, (sX) € 0pp,, (X), V XeM, s € R,
Definition(2.12)[9]: A hesitant intuitionistic f-submodule A of M is said to be a hesitant intuitionistic f -
prime submodule (p-HIFSM(M)) of M, if for each rs,, € HIFP(R), x(yp) € HIFP(M) {r e R,x €
M.a,B,8,y [0, 1]} Such that rs,yX(«p S 4, then either X, ) S A 0T I'(5y) Xny E A-
Definition(2.13)[9] : Let r(s,, be a hesitant intuitionistic - point of R and y (s 1) , X(«,g) b€ hesitant
intuitionistic f -points of M, then:
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(1) T X(ap) = (rx)(ﬁna,yuﬁ’)- (2) X(a,p) + Y1) = (X + }’)(ana,ﬁuﬂ

3.Hesitant intuitionistic fuzzy strongly prime submodule
In this section we define a hesitant intuitionistic f -strongly prime submodule of M and the relationships
that include this concept with some of their properties and results.

Definition(3.1): A hesitant intuitionistic f -submodule A is called a hesitant intuitionistic f -strongly
prime submodule (S-p-HIFSM(M)), if for each 75, € HIFP(R), x(45) € HIFP(M) [r €R,x €
M.a,pB,8,y € [0,1]] such that 1,,)X(qp SA implies that x., gy € A.
Theorem (3.2): Let A and B be S- p-HIFSM(M). Then A N B be a S- p-HIFSM(M) .
Proof: Suppose that A and B are S- p-HIFSM(M), and for each 75,y € HIFP(R), x4, 5) € HIFP(M) [r €
R,x €M .a,B,8,y € [0,1] ] such that r(5,)X@z< AN B.
Then 75X < A anc? T(5.)%(a,8)E B-
Since A and B be S- p-HIFSM(M).
Thus xS A and x4 p) S B.So, x4 S ANB.
Implies A N B be a S- p-HIFSM(M).
Corollary (3.3): Let {4, ,i € I} be a family of a S-p-HIFSM(M), then (N;¢; Ay,) is a S-p-HIFSM(M).
Theorem (3.4) : Let A and B be S-p-HIFSM(M). Then A N B is a p-HIFSM(M).
Proof : Suppose that A and B are S- p-HIFSM(M), and for each (s, € HIFP(R), X(q,5) € HIFP(M) [r €
R,x €M.a,B,6,y € [0,1]] such that 15, X< A N B.
Then 75X S A and' T(5,) %) S B-
Since A and B be S- p-HIFSM(M).
Thus xS A and x(,p) S B. S0, xqz SANB.
So, A N B be a p-HIFSM(M).
Definition (3.5): The support of hesitant intuitionistic f -set A on X, denoted by A%, is defined as the set:
A={aeX:0 Q\YhA(a),q}lA(a) < [0,1]}.
Theorem (3.6) : let A be a S-p-HIFSM(M), then A is a S-p-SM(M).
Proof: Letr € R and m € M such that rm € A” then,
€ Yn,(rm) and a,, (rm) < [0,1].0
We assume that YnA (rm) = a and o}, (rm) = , where a, B € [0,1]. So, (rm) 4, p) € A.
Then (1) (q,p) (M) () EA [by def. 2.13] .
Since A is a S-p-HIFSM(M).
Thenm () € A implies a S Yy, (m) and apy,, (m) S B [by def. 2.6 ].
Since @ € a and B < [0,1]. Implies @ S a S Y;lA(m) and aj,(m) € B < [0,1].
So, @ C Y;,A(m) and qj, (m) €[0,1]. Therefore, m € A".
Then A™ is a S-p-SM(M).
Theorem (3.7) : Let A be a S-p-HIFSM(M), if YflA (0) 2 a, ap, (0) < Bthen AH(a,B) is S-p-SM(M).
Proof: Letr € R,x € M such thatrx € AH(a.B) .
Since rx € AH(a.B) implies Y;,A(rx) 2« and oy, (rx) < B [ by def. 2.7].
So, (rx)(q,p) S A implies re gyX o) € A [ by def. 2.13].
Since A be a S-p-HIFSM(M).
Thus, X(p) S A.
Implies Y;,A(X)Q a and ap, (x) < B.
Thenx € AH(a,B)'
Therefore, AH((x.B) isa S-p-SM(M) .
Proposition (3.8) : Every S-p-HIFSM(M) is a p-HIFSM(M).
Proof: Let A is a S-p-HIFSM(M), and let r(5,) € HIFP(R), X(q,3) € HIFP(M) [r € R,x € M., B, 8,y
[0,1] ] such that r¢s)X(g) S A
Since A is a S-p-HIFSM(M). Then x4 gy < A.
Therefore A isp — HIFSM(M) .
Remark (3.9) : The proposition above cannot be reversed in general. For example .
Let M =Z as a Z-module and let A = <Y[1A, 0ln, >, such that:
N _([0,1] if aeN=5Z . (9 if aeN=5Z
¥na(2) = { @ if otherwise " @ = {[0,1] if  otherwise

Vol.6, No.9s, 2026 1314


http://www.svedbergopen.com/ijaiml

www.svedbergopen.com/ijaiml! International Journal of Artificial Intelligence and Machine Learning

Since A is a p-HIFSM(M). Then 5/0.1,0417[0.4,06] = 35[0.1,04] A, because

¥n,(35) = [0,1] 2[0.1,0.4] and ap,, (35) = @ < [0.1,0.4].

But 79406 & A because Yy, (7) = @ 2 [0.4,0.6] and a}, (7) = [0,1] & [0.4,0.6].
Therefore A is not S-p-HIFSM(M).

4. Conclusion

In conclusion, we study the main definitions and theorems related to hesitant intuitionistic f -strongly
prime submodule and we have obtained new results, which is the relationship between hesitant
intuitionistic f -strongly prime submodule and hesitant intuitionistic f - prime submodule such that every
hesitant intuitionistic f -strongly prime submodule is hesitant intuitionistic § - prime submodule of R-
module M.
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