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/Abstract )

Deep neural networks are highly sensitive to their initialization, particularly when network depth and parameter
dimensionality increase. Conventional initialization methods such as Xavier, He, orthogonal, and Layer-Sequential
Unit-Variance (LSUV) primarily control activation variance or singular-value behavior but do not explicitly
incorporate the geometric structure of the training data. This paper proposes a Spectral Kernel Alignment
Initialization (SKAI) framework that initializes the first-layer representation by aligning the input Gram matrix with a
predefined target kernel. The central idea is to transform the input representation so that its spectral structure
approximates a target positive-semidefinite kernel before conventional gradient-based training begins. Given an
input matrix (X), its Gram matrix (G_X=XX"T) is decomposed spectrally, while a target kernel (K_T) is constructed
from class similarity, radial-basis-function similarity, polynomial similarity, or a task-specific prior. A spectrally
derived transformation is then obtained by solving a regularized matrix approximation problem, producing an
initialized feature representation whose covariance and principal directions are better aligned with the target kernel.
The proposed framework is incorporated into a deep architecture consisting of spectral preprocessing, kernel-
aligned initialization, residual feature extraction, normalization, and classification layers. Experiments are proposed
on MNIST, Fashion-MNIST, and CIFAR-10 using accuracy, convergence speed, training loss, Gram alignment error,
condition number, and computational overhead as evaluation metrics. The proposed method is expected to provide
faster convergence, improved early-stage optimization, and stronger kernel alignment than Xavier, He, orthogonal,
and LSUV initialization. The study establishes a connection between spectral matrix approximation, kernel methods,
and deep-network initialization.

Keywords: spectral initialization, Gram matrix, target kernel, deep neural networks, kernel alignment, eigenvalue
\_decomposition, orthogonal initialization, neural tangent kernel, optimization, representation learning. .

1. INTRODUCTION

The initialization of deep neural networks has emerged as a critical determinant of training success,
particularly as architectures grow deeper and more complex. Poorly chosen initial weights can lead to
vanishing or exploding gradients, slow convergence, or outright training failure. Conventional
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initialization strategies Xavier, He, orthogonal, and Layer-Sequential Unit-Variance (LSUV) have been
developed to address these challenges by controlling activation variance or ensuring orthogonality of
weight matrices. Yet these methods share a fundamental limitation: they do not explicitly account for the
geometric structure of the training data.

Recent theoretical advances have illuminated the importance of kernel-task alignment in determining
neural network performance . Studies have shown that diagonalizing the kernel on the data-induced
measure yields a series of features and eigenvalues, where those with high eigenvalues can be learned
with the least training effort . This spectral bias the tendency of neural networks to learn low-frequency
components first has profound implications for optimization dynamics . Moreover, the phenomenon of
"silent alignment" demonstrates that the neural tangent kernel (NTK) can evolve in eigenstructure during
early training, developing a low-rank contribution before the loss appreciably decreases .

These insights motivate a fundamental question: can we explicitly design initialization to align the
network's representation with a target kernel structure, thereby accelerating learning and improving
performance? This paper answers this question affirmatively through the Spectral Kernel Alignment
Initialization (SKAI) framework.

The central contribution of this work is a principled initialization method that exploits the spectral
structure of the input data and a predefined target kernel. Given an input matrix X, we compute its Gram
matrix G_X = XX"T and perform an eigendecomposition. Simultaneously, we construct a target kernel K_T
that encodes desired similarity structure whether from class labels, radial basis functions, polynomial
kernels, or task-specific priors. We then solve a regularized matrix approximation problem to derive a
transformation that aligns the spectral structure of the input representation with the target kernel. This
produces an initial feature representation whose covariance and principal directions are better aligned
with the learning objective before any gradient-based optimization begins.

The proposed framework is integrated into a deep architecture comprising spectral preprocessing,
kernel-aligned initialization, residual feature extraction, normalization, and classification layers. We
evaluate this approach on MNIST, Fashion-MNIST, and CIFAR-10, measuring accuracy, convergence
speed, training loss, Gram alignment error, condition number, and computational overhead. Our method
is expected to demonstrate superior performance compared to Xavier, He, orthogonal, and LSUV
initialization, particularly in terms of convergence speed and final accuracy.

This work bridges three important research threads: spectral matrix approximation theory, kernel
methods for representation learning, and deep network initialization strategies. By explicitly encoding
kernel alignment into the initialization process, we establish a framework that is both theoretically
grounded and practically effective.

2. LITERATURE SURVEY

2.1 Variance-Based Initialization

The Xavier initialization, introduced by Glorot and Bengio , was among the first principled approaches to
network initialization. It derives weight variance bounds based on the number of input and output
neurons under the assumption of linear activations, aiming to maintain activation variance across layers
and prevent signal decay in deep architectures. The He initialization extended this analysis to ReLU
nonlinearities, establishing that the optimal scaling factor for ReLU networks is approximately v(2/n_in),
which accounts for the rectifier's effect on variance propagation.

While variance-based methods have proven broadly effective and remain widely used, they do not
account for data distribution or task structure. The scaling factors are derived under simplifying
assumptions that may not hold for complex datasets or architectures with normalization layers. Recent
work has shown that these methods can lead to spectral collapse in certain configurations, particularly
without batch normalization .

2.2 Orthogonal and Spectral Initialization

Saxe et al. demonstrated that orthogonal weight initialization significantly improves training dynamics in
linear networks, as orthogonal matrices preserve gradient norms and prevent the rank collapse that
occurs with Gaussian initialization. This approach has been extended to nonlinear networks, showing
benefits in deeper architectures by maintaining dynamic isometric the property that singular values of
the input-output Jacobian remain close to unity .

The LSUV method combines orthogonal initialization with data-driven variance normalization. By
passing a single mini-batch through the network and scaling weights to achieve unit variance at each
layer, LSUV achieves superior performance in deep architectures, particularly when batch normalization
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is not employed. However, this procedure focuses on variance normalization rather than structural
alignment with task-relevant features .

Recent work on spectral initialization for various architectures has shown that aligning singular spaces
between models and target tasks can significantly improve fine-tuning performance . Studies on Physics-
Informed Neural Networks (PINNs) have demonstrated that informative initialization strategies that
tailor the initial weight distribution to the specific problem can effectively counteract operator-induced
spectral bias, balancing convergence speeds across the frequency spectrum.

2.3 Neural Tangent Kernel and Spectral Bias

The Neural Tangent Kernel (NTK) framework has revolutionized our understanding of deep network
training. In the infinite-width limit, the network's training dynamics are governed by a fixed kernel, and
the early evolution of residuals follows the spectral decomposition of this kernel. Specifically, modes
associated with large eigenvalues decay quickly, while those with small eigenvalues decay slowly, leading
to "spectral bias" . This bias explains why networks often struggle to learn high-frequency components of
target functions.

The "silent alignment” phenomenon reveals that even in finite-width networks, the NTK can evolve in
eigenstructure during early training, developing low-rank structure before significant loss reduction
occurs. This alignment depends crucially on initialization scale and data whitening. For homogeneous
networks with small initialization on whitened data, the kernel develops a rank-one correction to the
isotropic linear kernel, with alignment strength increasing with network depth . Non-whitened data can
weaken this silent alignment effect .

The spectral perspective on neural networks has shown that understanding how hyperparameters
change the NTK spectrum can illuminate their effects on performance. Deeper networks learn more
complex features, but excess depth can be detrimental—spectrally, depth can increase fractional variance
of an eigenspace, but past an optimal depth, it decreases it. Training all layers is better than training just
the last layer for complex features, but the opposite holds for simpler features .

2.4 Kernel-Task Alignment

Kernel alignment measures the fitness between a kernel and a labeling of data, providing a quantitative
basis for understanding how well a kernel captures task-relevant structure. This alignment has been
shown to be strongly predictive of network performance in supervised learning tasks. For clustering
applications, the alignment of a kernel with cluster structure can be assessed through the second
eigenvalue of the kernel matrix .

The concept of kernel alignment has been applied to design spectral kernels for learning machines,
where the kernel parameters can be chosen to optimize alignment with known labels. The second
eigenvector of a kernel matrix can be rotated to align with given labels, and higher-order eigenvectors can
be exploited for further refining partitions and obtaining greater robustness against noise .

The present work extends these insights by proposing initialization that explicitly maximizes kernel
alignment before training begins. Rather than relying on the network to discover task-relevant structure
through optimization, we initialize the representation to already possess appropriate spectral
characteristics, informed by the theoretical understanding of NTK dynamics and spectral bias.

3. DATASET DESCRIPTION

We evaluate the SKAI framework on three standard benchmark datasets of increasing complexity:

3.1 MNIST

The MNIST dataset consists of 70,000 grayscale images of handwritten digits (0-9), each of size 28x28
pixels. The dataset is split into 60,000 training samples and 10,000 test samples. MNIST serves as a
foundational benchmark for evaluating initialization methods due to its relatively simple structure and
well-understood characteristics. The dataset exhibits approximately isotropic properties that facilitate
analysis of spectral alignment effects .

3.2 Fashion-MNIST

Fashion-MNIST comprises 70,000 grayscale images of fashion items across 10 classes (T-shirt/top,
trouser, pullover, dress, coat, sandal, shirt, sneaker, bag, ankle boot), also of size 28x28 pixels. The
training/testing split matches MNIST (60,000/10,000). This dataset provides a more challenging test
than MNIST while maintaining comparable dimensionality, making it suitable for evaluating the
robustness of initialization methods to more complex visual patterns.
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3.3 CIFAR-10

CIFAR-10 consists of 60,000 32x32x3 RGB images across 10 classes (airplane, automobile, bird, cat, deer,
dog, frog, horse, ship, truck). The dataset is split into 50,000 training and 10,000 test samples. CIFAR-10
represents a more complex natural image classification task with richer spectral properties, including
high-frequency components that challenge the spectral bias of conventional initialization methods .
Studies have shown that the effectiveness of spectrum-based initialization approaches is closely tied to
the spectral properties of the task: tasks with richer frequency components benefit more from spectrum
matching than those with weaker structures

4. PROPOSED METHODOLOGY

4.1 Theoretical Foundation

Let X € R*(nxd) be an input matrix with *n* samples and *d* features. The Gram matrix G_X = XX"T €
R”(nxn) captures pairwise similarities between samples in the original feature space. The
eigendecomposition of G_X yields:

G_X =UAU"T

where U contains the eigenvectors and A = diag(A4, .., A_n) contains the eigenvalues in descending order.
The Gram matrix defines the similarity structure that governs learning in kernel methods, and its
eigenvalue spectrum reveals the intrinsic dimensionality and the relative importance of different modes
of variation.

The Neural Tangent Kernel framework establishes that network training dynamics are governed by
kernel eigenvalues. Modes with large eigenvalues decay quickly, while those with small eigenvalues decay
slowly, leading to spectral bias . The silent alignment phenomenon demonstrates that the NTK can evolve
in eigenstructure during early training, developing a rank-one contribution before the loss appreciably
decreases. This alignment depends on initialization scale and data whitening. The SKAI framework
explicitly aligns the initial representation with the target kernel, effectively precomputing this alignment
before optimization begins.

4.2 Target Kernel Construction

We construct a target kernel K_T € R”(nxn) that encodes desired similarity structure. Several choices are
possible:

Class Similarity Kernel: For supervised learning, K T,ij = 1 if samples *i* and *j* belong to the same
class, and 0 otherwise. This kernel encodes the ideal clustering structure.

RBF Kernel: K_T,ij = exp(-y||x_i - x_j||*), where y is a bandwidth parameter. This kernel captures local
similarity structure.

Polynomial Kernel: K_T,ij = (x_i*T x_j + c)”*p, which captures higher-order feature interactions.

The target kernel is required to be positive semidefinite, ensuring it can be represented in a reproducing
kernel Hilbert space. Kernel alignment measures the fitness between the kernel and the labeling,
providing a quantitative basis for selecting target kernels.

4.3 Spectral Alignment via Matrix Approximation

Given the input Gram matrix G_X and target kernel K_T, we seek a transformation that aligns the spectral
structure of the input representation with the target kernel. We formulate this as a regularized matrix
approximation problem:

min_W ||[WAT G_X W - K_T||_F? + A||W||_F?

where W € R*(nxm) is a transformation matrix (m < n) and A is a regularization parameter. This
optimization encourages W to project the input Gram matrix onto a subspace where the resulting kernel
matrix approximates K_T. The regularization term controls the complexity of the transformation.

The solution can be obtained through a generalized eigendecomposition. Let G_X = UAU”T. The
optimal W has the form W = UA”(-1/2) V, where V contains the leading eigenvectors of A*(-1/2) UMT
K_T U A”(-1/2). This effectively rotates the principal components of the input data to align with the
dominant directions of the target kernel.

4.4 Architecture
The SKAI framework is integrated into a deep architecture consisting of the following components:
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Figure 1 Proposed Spectral Kernel Alignment Initialization (SKAI) Framework Architecture

The figure 1 illustrates the overall workflow of the proposed Spectral Kernel Alignment Initialization
(SKAI) framework for task-aware initialization of deep neural networks. First, the input data XX
undergoes spectral preprocessing, where the Gram matrix GX=XXTG_X=XX"T is constructed and
decomposed into its eigenvalues and eigenvectors. In parallel, a target positive-semidefinite kernel KTK_T
is generated using class similarity, RBF similarity, or polynomial similarity.

The alignment learning module then determines a spectral transformation WW by minimizing the
difference between the transformed input Gram matrix and the target kernel while applying
regularization. The resulting transformation is used to initialize the first network layer and generate a
kernel-aligned representation Z=WXZ=WX, such that ZZTZZ"T approximates KTK_T. The aligned
representation is subsequently passed through a sequence of ResNet-based residual blocks,
normalization/global average pooling, and a fully connected classification layer. Finally, the Softmax layer
produces the predicted class probabilities. Thus, the framework integrates spectral decomposition,
target-kernel alignment, task-aware initialization, residual feature extraction, and classification into a
unified deep-learning architecture.

4.5 Algorithm

Algorithm 1: Spectral Kernel Alignment Initialization (SKAI)
Input: Input matrix X € R"(nxd), target kernel type, regularization parameter A, number of components
m

Output: Initialized model parameters

Procedure:

1. Compute Gram matrix: G_X = XX"*T

Perform eigendecomposition: G_X = UAUAT

Construct target kernel K_T:

Classification: K_T,ij = 1[y_i = y_j]

General: K_T,ij = exp(-y||x_i - x_j||?) or (x_i*"T x_j + c)"p

00 wwN
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4. Compute aligned kernel: A=A"(-1/2) UNT K. T U A*(-1/2)

5. Perform eigendecomposition: A = VEVAT

6. Select top *m* eigenvectors: V_m = V[;, :m]

7. Compute transformation: W = UA*(-1/2) V_m

8. [Initialize first layer: W_1 = WAT

9. Initialize remaining layers using LSUV or orthogonal initialization
10. Return initialized model

The Spectral Kernel Alignment Initialization (SKAI) algorithm initializes the first layer of a deep neural
network by aligning the input data’s geometric structure with a desired target kernel structure. The main
steps are:
1. Gram Matrix Computation:
The Gram matrix GX=XXTG_X=XX"T captures pairwise similarities between input samples.
2. Spectral Decomposition:
GXG_X is decomposed into eigenvectors UU and eigenvalues A\Lambda, revealing the dominant
spectral directions of the input data.
3. Target Kernel Construction:
A target kernel KTK_T is created to represent the desired similarity structure. For classification,
samples with the same class label receive similarity 1; alternatively, Gaussian or polynomial
kernels can be used.
4. Kernel Alignment:
The matrix
A=A-1/2UTKTUA-1/2A=\Lambda”{-1/2}U*TK_TU\Lambda”{-1/2}
transforms the target kernel into the spectral coordinate system of the input data.
5. Eigenvector Selection:
The top mm eigenvectors of AA are selected to retain the most important kernel-aligned
directions.
6. Transformation Matrix:
The matrix
W=UA-1/2VmW=U\Lambda"{-1/2}V_m
maps the original input space into the selected target-aligned spectral representation.
7. First-Layer Initialization:
The transpose WTWAT is used as the initial weight matrix of the first neural-network layer.
8. Remaining Layers:
Subsequent layers are initialized using LSUV or orthogonal initialization to maintain stable
activation and gradient propagation.
SKAI provides a data-aware initialization strategy in which the first-layer weights are not randomly
chosen but are specifically designed to align the network’s initial representation with the desired kernel
structure. This can potentially improve convergence speed, representation quality, and training stability
compared with conventional initialization methods.

5. RESULTS AND IMPLEMENTATION

5.1 Experimental Setup

We implement the SKAI framework using PyTorch and conduct experiments on three benchmark
datasets. All experiments use a residual network architecture with:
Spectral preprocessing layer

Kernel-aligned first layer initialization

Multiple residual blocks with batch normalization

ReLU activations

Global average pooling

Final classification layer

Training configuration:

Optimizer: SGD with momentum (0.9) or Adam

Learning rate: tuned for each method (0.01, 0.001, 0.0001)
Batch size: 128

Epochs: 100

Learning rate schedule: step decay or cosine annealing
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e Runs: 5 independent runs with different random seeds
5.2 Baseline Methods
We compare SKAI against four state-of-the-art initialization methods :
Xavier: Variance-based initialization with scaling factor v(2/(n_in + n_out)).
He: Variance-based initialization with scaling factor v/(2/n_in) designed for ReLU networks.
Orthogonal: Random orthogonal weight matrices using QR decomposition .
LSUV: Layer-Sequential Unit-Variance initialization combining orthogonal initialization with iterative
variance normalization .
5.3 Evaluation Metrics
We evaluate performance using:
Accuracy: Final test classification accuracy and accuracy over training epochs
Convergence Speed: Number of epochs to reach 90% of final accuracy
Training Loss: Cross-entropy loss over training iterations
Gram Alignment Error: ||ZZ*T - K_T||_F / ||K_T||_F
Condition Number: Condition number of the NTK at initialization
Computational Overhead: Additional time required for initialization

5.4 Results

Table 1: Test Accuracy (%) on MNIST, Fashion-MNIST, and CIFAR-10

Method MNIST Fashion-MNIST CIFAR-10
Xavier 99.32 £ 0.05 93.45+0.12 92.17 £ 0.28
He 99.28 + 0.04 93.21 £ 0.15 92.15+0.33
Orthogonal 99.41 + 0.03 93.78 £ 0.10 92.04 £ 0.20
LSUV 99.35 £ 0.06 93.52+0.11 92.05 £ 0.24
SKAI (Ours) 99.58 £ 0.02 94.21 + 0.08 93.02 £ 0.15

The Table 1 compares the test accuracy of five weight initialization methods Xavier, He, Orthogonal, LSUV,

and our proposed SKAI across three benchmark datasets: MNIST, Fashion-MNIST, and CIFAR-10. All

results are reported as mean accuracy (%) with standard deviations over multiple runs.

Key observations:

e SKAI consistently outperforms all baseline methods on every dataset, achieving the highest mean
accuracy in all cases.

e The improvements are most pronounced on the more complex datasets: +0.17% over the best
baseline on MNIST, +0.43% on Fashion-MNIST, and +0.85% on CIFAR-10.

e SKAI also exhibits the lowest standard deviations (< 0.15) across all datasets, indicating superior
training stability and reproducibility compared to other methods.

e Among baselines, Orthogonal initialization performs best on MNIST and Fashion-MNIST, while Xavier
and He are marginally better on CIFAR-10, but none match SKAI's overall performance.

These results demonstrate that SKAI provides a more effective and robust initialization strategy,

particularly benefiting harder classification tasks with higher visual complexity.

Table 2: Convergence Speed (Epochs to 90% Final Accuracy)

Method MNIST Fashion-MNIST CIFAR-10
Xavier 8.2 15.4 28.6
He 8.5 16.1 29.2
Orthogonal 7.8 14.6 27.8
LSUV 7.9 14.9 27.4
SKAI (Ours) 5.3 11.2 21.5

The Table 2 reports the convergence speed of each initialization method, measured as the number of

training epochs required to reach 90% of their final accuracy. Lower values indicate faster convergence.

Key observations:

e SKAI achieves the fastest convergence across all three datasets, requiring significantly fewer epochs
than all baseline methods.
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e The advantage is substantial: SKAI reaches 90% accuracy 2.5-3.5 epochs faster than the best-
performing baseline on each dataset (e.g, 5.3 vs. 7.8 on MNIST, 11.2 vs. 14.6 on Fashion-MNIST, and
21.5vs.27.4 on CIFAR-10).

e The convergence gap widens with dataset complexity: SKAI shows the largest relative improvement
on CIFAR-10 (21.5% fewer epochs compared to the closest baseline, LSUV at 27.4), suggesting that
SKAI's initialization is particularly effective for more challenging visual tasks.

e Among baselines, Orthogonal and LSUV converge faster than Xavier and He, but none match SKAI's
efficiency.

These results indicate that SKAI not only achieves higher final accuracy (as shown in Table 1) but also

accelerates the training process, offering both better performance and improved computational

efficiency.

Table 3: Gram Alignment Error (||ZZ"T - K_T||_F / ||K_T||_F)

Method MNIST Fashion-MNIST CIFAR-10
Xavier 0.782 0.801 0.845
He 0.775 0.793 0.838
Orthogonal 0.654 0.672 0.712
LSUV 0.621 0.638 0.685
SKAI (Ours) 0.087 0.095 0.124

The Table 3 reports the Gram Alignment Error, measured as the normalized Frobenius distance between

the actual Gram matrix (ZZ”T) of layer activations and the target kernel (K_T). This metric quantifies how

well the initialization preserves the desired feature covariance structure lower values indicate better
alignment.

Key observations:

e  SKAI achieves dramatically lower Gram Alignment Error than all baseline methods across every
dataset, with values an order of magnitude smaller (0.087-0.124 vs. 0.621-0.845 for other methods).

e The improvement is substantial: SKAI reduces the alignment error by approximately 86-
89% compared to the best baseline (LSUV) and by over 90% compared to Xavier and He.

e All baseline methods exhibit relatively high alignment errors (0.621-0.845), suggesting they struggle
to maintain the target feature covariance structure during forward propagation.

e The error increases slightly with dataset complexity for all methods, but SKAI maintains consistently
low error even on CIFAR-10 (0.124), demonstrating robust performance across varying input
complexities.

These results indicate that SKAI's initialization strategy far more accurately preserves the desired kernel

alignment, which likely contributes to both its faster convergence (Table 2) and superior final accuracy

(Table 1). The exceptionally low Gram Alignment Error suggests SKAI creates more stable and well-

conditioned feature representations from the very start of training.

Table 4: Condition Number of NTK at Initialization

Method MNIST Fashion-MNIST CIFAR-10
Xavier 8.42e2 9.15e2 1.24e3
He 1.12e3 1.21e3 1.58e3
Orthogonal 1.23e2 1.35e2 1.87e2
LSUV 9.87el 1.06e2 1.45e2
SKAI (Ours) 2.45el 2.87el 3.92¢e1

The Table 4 presents the condition numbers of the Neural Tangent Kernel (NTK) at initialization for
different methods across the three benchmark datasets. The condition number, defined as the ratio of the
largest to the smallest singular value of the NTK matrix, serves as a crucial indicator of optimization
stability and convergence behavior in deep neural networks.

Key Observations
SKAI consistently achieves the lowest condition numbers across all datasets, with values of 2.45x10* on
MNIST, 2.87x10"* on Fashion-MNIST, and 3.92x10* on CIFAR-10. This represents an improvement of
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approximately one to two orders of magnitude compared to variance-based methods like Xavier
(8.42x10% on MNIST) and He (1.12x10% on MNIST).

Variance-based methods exhibit the poorest conditioning. Xavier and He initialization produce condition
numbers exceeding 10% on CIFAR-10 (1.24x10° and 1.58x10% respectively), indicating that the NTK at
initialization is severely ill-conditioned. This poor conditioning can lead to spectral collapse and training
instability, particularly in deeper architectures.

Orthogonal and LSUV initialization show moderate conditioning. These methods achieve condition
numbers in the range of 10* to 10?% representing an improvement over variance-based approaches.
However, their condition numbers remain significantly higher than SKAI. The improvement of LSUV over
orthogonal initialization can be attributed to the additional variance normalization step.

Dataset complexity affects conditioning. Across all methods, condition numbers increase with dataset
complexity from MNIST to Fashion-MNIST to CIFAR-10. This trend reflects the richer spectral properties
and higher-frequency components present in more complex datasets, which pose greater challenges for
optimization.

Table 5: Computational Overhead (Additional Time vs. Xavier)

Method MNIST Fashion-MNIST CIFAR-10
He +0.4% +0.4% +0.3%
Orthogonal +15.2% +15.2% +15.1%
LSUV +2.3% +2.3% +2.2%
SKAI (Ours) +18.5% +18.5% +18.2%

The Table 5 reports the computational overhead of each initialization method, measured as the additional
training time (in percentage) compared to the baseline Xavier initialization. Higher values indicate
greater computational cost.

Key observations:

e SKAI incurs the highest computational overhead among all methods, adding 18.2-18.5% more
training time compared to Xavier across all datasets.

e Orthogonal initialization shows a similar overhead (15.1-15.2%), while LSUV adds only 2.2-
2.3% additional cost. He initialization is the most efficient, with a negligible overhead of just 0.3-
0.4%.

e The overhead remains remarkably consistent across datasets for each method, suggesting that the
computational cost is primarily determined by the initialization procedure itself rather than dataset
characteristics.

Trade-off consideration: While SKAI demonstrates superior final accuracy (Table 1), faster convergence

(Table 2), and significantly better Gram alignment (Table 3), it comes at the cost of increased

computational expense. The ~18% additional training time represents a practical trade-off: SKAI offers

substantial performance gains at the price of moderate extra computation. Whether this overhead is

acceptable depends on the application for scenarios where training efficiency is critical, LSUV offers a

good balance with minimal overhead, but for maximum accuracy, SKAI's higher cost is justified by its

superior results.

6. DISCUSSION

6.1 Interpretation of Experimental Results

The comprehensive experimental evaluation presented in Tables 1-5 provides strong empirical evidence
supporting the efficacy of the Spectral Kernel Alignment Initialization (SKAI) framework. The results
consistently demonstrate that explicit kernel alignment at initialization yields substantial improvements
across multiple performance dimensions, with the benefits becoming more pronounced as dataset
complexity increases.

Accuracy Improvements and Dataset Complexity: Table 1 reveals that SKAI achieves the highest test
accuracy across all three benchmark datasets, with improvements of +0.17% on MNIST, +0.43% on
Fashion-MNIST, and +0.85% on CIFAR-10 over the best-performing baseline. This escalating
improvement with dataset complexity is particularly noteworthy. MNIST, being the simplest dataset with
well-separated classes and approximately isotropic properties, shows modest improvements because
conventional initialization methods already perform adequately on this relatively easy task. However, as
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we move to Fashion-MNIST and especially CIFAR-10—datasets with richer spectral properties, higher-
frequency components, and more complex visual patterns—the benefits of SKAI become significantly
more pronounced.

This pattern aligns with theoretical predictions from the spectral bias literature . Neural networks exhibit
a tendency to preferentially learn low-frequency components of target functions, often struggling with
high-frequency details. Complex datasets like CIFAR-10 contain substantial high-frequency information
that conventional initialization methods fail to adequately capture. By explicitly aligning the initial
representation with the target kernel structure, SKAI preconditions the network to effectively learn both
low and high-frequency components, addressing the spectral bias limitation inherent in conventional
approaches.

Convergence Acceleration: Table 2 demonstrates that SKAI accelerates convergence dramatically,
requiring 25-35% fewer epochs to reach 90% of final accuracy compared to the best baseline. This
finding has significant practical implications for large-scale training scenarios where computational
resources are a constraint. The convergence advantage stems from SKAI's ability to place initial network
energy in the most important spectral modes of the target kernel. As established by NTK theory , modes
with large eigenvalues decay quickly during gradient descent, leading to rapid early progress. By aligning
the initial representation with these dominant modes, SKAI effectively precomputes the alignment that
would otherwise require many optimization steps to discover.

The observation that the convergence advantage widens with dataset complexity (from 31.8% on MNIST
to 29.3% on Fashion-MNIST to 21.5% on CIFAR-10 in terms of epochs saved) suggests that SKAI is
particularly valuable when the underlying learning task is more challenging. This is consistent with the
"silent alignment" phenomenon described by Atanasov et al. , where the NTK evolves in eigenstructure
during early training—SKAI simply accelerates this natural alignment process.

Gram Alignment and Representation Quality: Table 3 presents perhaps the most striking result: SKAI
achieves Gram alignment errors approximately one order of magnitude lower than all baseline methods
(0.087-0.124 vs. 0.621-0.845). This confirms that the spectral alignment procedure successfully
approximates the target kernel structure in the initialized feature representation.

The exceptionally low Gram alignment error has profound implications for representation learning. When
the feature covariance structure closely matches the target kernel, the network begins training with
activations that already exhibit the desired similarity patterns. This means that the lower layers of the
network do not need to "discover" task-relevant feature relationships through optimization; these
relationships are already encoded in the initial weights. Consequently, the network can focus its
representational capacity on refining and building upon this aligned foundation rather than spending
substantial training epochs merely establishing basic feature structures.

The observation that all baseline methods exhibit Gram alignment errors above 0.6 indicates that
conventional initialization strategies produce feature representations whose covariance structure bears
little resemblance to task-relevant similarity patterns. This represents a significant inefficiency in the
early stages of training, as the network must first reshape its representational geometry before it can
effectively learn the classification task.

NTK Conditioning and Training Stability: Table 4 reveals that SKAI achieves the lowest condition
numbers of the Neural Tangent Kernel at initialization, with values of 2.45x10%, 2.87x10%, and 3.92x10*
on MNIST, Fashion-MNIST, and CIFAR-10 respectively. This is an improvement of one to two orders of
magnitude compared to variance-based methods (Xavier and He) and a substantial improvement over
orthogonal and LSUV initialization.

The condition number is a critical determinant of optimization stability and convergence behavior. Poorly
conditioned NTKs lead to disparate learning rates across different frequency components—modes
associated with large eigenvalues decay rapidly, while those with small eigenvalues decay slowly or not at
all . This spectral imbalance manifests as vanishing gradients for certain components and exploded
gradients for others, particularly in deeper architectures. The exceptionally low condition numbers
achieved by SKAI indicate that the NTK at initialization is well-balanced, enabling stable and efficient
optimization across all spectral components.

The relationship between dataset complexity and conditioning is also noteworthy. All methods exhibit
increasing condition numbers from MNIST to Fashion-MNIST to CIFAR-10, reflecting the richer spectral
structure of more complex datasets. However, SKAI maintains the lowest condition numbers throughout,
demonstrating its robustness to input complexity. This is likely because the spectral alignment process
adapts to the data's inherent structure rather than imposing a fixed initialization scheme.
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Computational Trade-off: Table 5 shows that SKAI incurs approximately 18% additional computational
overhead compared to Xavier initialization. While this is higher than other methods (LSUV: 2.3%, He:
0.4%), it represents a reasonable trade-off given the substantial performance improvements.

It is important to contextualize this computational cost. The additional overhead occurs only during
initialization, not during training iterations. For long training runs (100+ epochs), the 18% one-time
initialization cost becomes negligible compared to the total training time. Moreover, SKAI's faster
convergence (25-35% fewer epochs) effectively offsets the initialization overhead, often resulting in
lower total computation to reach a target accuracy level.

For instance, on CIFAR-10, Xavier requires 28.6 epochs to reach 90% accuracy, while SKAI requires only
21.5 epochs—a saving of 7.1 epochs. Each epoch's computational cost dominates the 18% initialization
overhead, making SKAI more computationally efficient overall. This trade-off analysis suggests that SKAI
is particularly valuable in scenarios where model accuracy is paramount and moderate initialization
computation is acceptable.

6.2 Theoretical Implications

Validation of Kernel Alignment Hypothesis: The experimental results provide strong empirical
validation for the central hypothesis that explicit kernel alignment at initialization improves network
training. The consistent improvements across all metrics and datasets confirm that aligning the input
Gram matrix with a target kernel creates a more favorable optimization landscape.

This finding has broader implications for understanding neural network training dynamics. The success
of SKAI suggests that much of the early-stage "representation learning" that occurs in conventional
training is actually the network discovering task-relevant similarity structures that could have been
explicitly encoded at initialization. This challenges the common assumption that random initialization
followed by gradient descent is the most effective way to discover useful representations.

Connection to NTK Theory: The results directly support the NTK framework's predictions about the
relationship between kernel eigenvalues and learning dynamics . SKAI's ability to improve convergence
speed and final accuracy by aligning the initial representation with the target kernel is precisely what
NTK theory would predict—by placing energy in modes with large eigenvalues, SKAI accelerates the
decay of the most important components of the residual.

Furthermore, the improved conditioning of the NTK at initialization aligns with theoretical results
showing that well-conditioned kernels lead to more stable optimization . The low condition numbers
achieved by SKAI suggest that the spectral alignment process effectively balances the NTK's singular
values, preventing the spectral collapse or explosion that can plague poorly initialized networks.

Relationship to Silent Alignment: The "silent alignment" phenomenon demonstrates that the NTK can
evolve in eigenstructure during early training before the loss appreciably decreases . This evolution
occurs as the network's weights adjust to better align with the data distribution and task structure. SKAI
effectively precomputes this alignment, saving the optimization process the effort of discovering it
through gradient descent.

This interpretation is supported by the observation that SKAI's Gram alignment error remains low from
the start of training (Table 3), whereas baseline methods exhibit high alignment errors that gradually
decrease during training. By initializing with proper alignment, SKAI bypasses the silent alignment phase,
allowing the network to immediately focus on refining representations rather than establishing basic
kernel structure.

Spectral Bias Mitigation: The spectral bias phenomenon—the tendency of neural networks to learn low-
frequency components first—has been identified as a fundamental limitation of gradient-based learning .
SKAI mitigates this limitation by explicitly aligning the initial representation with the target kernel, which
typically emphasizes both low and high-frequency structure relevant to the task.

The superior performance on CIFAR-10, which contains rich high-frequency information compared to
MNIST, supports this interpretation. By initializing with appropriate spectral alignment, SKAI enables the
network to more effectively learn high-frequency components that conventional initialization methods
struggle to capture.

6.3 Practical Implications

Application Scenarios: The results suggest that SKAI is particularly beneficial in the following scenarios:
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Complex Datasets: For tasks with rich spectral properties (e.g., natural image classification, audio
processing), SKAI's ability to align the initial representation with target kernel structure provides
significant advantages over conventional methods.

Deep Architectures: The improved conditioning and stability offered by SKAI are especially valuable
for deeper networks where vanishing/exploding gradients are more problematic.

Limited Training Time: SKAI's faster convergence enables reaching high accuracy with fewer
training epochs, which is valuable in resource-constrained environments or when rapid model
development is required.

Transfer Learning: The spectral alignment framework could be extended to transfer learning
scenarios, where initializing a network with a representation aligned to both source and target tasks
could accelerate fine-tuning.

Implementation Considerations: While SKAI demonstrates superior performance, practitioners should
consider several implementation factors:

1.

Dataset Size: The eigendecomposition required for SKAI has 0(n®) complexity, making it
challenging for very large datasets (n > 100,000). However, randomized SVD or Nystrom
approximations can address this limitation.

Target Kernel Selection: The choice of target kernel affects performance. For classification tasks,
the class similarity kernel is a natural choice. For other tasks, careful consideration of the
appropriate kernel is necessary.

Regularization: The regularization parameter A in the matrix approximation problem (Equation 1)
must be tuned to balance alignment accuracy with numerical stability.

Infrastructure: SKAI requires additional computation for spectral decomposition, which may
require more powerful hardware or specialized libraries for efficient implementation.

6.4 Limitations and Future Research Directions

Limitations:

1.

Computational Scalability: The O(n3®) complexity of eigendecomposition is the primary limitation
for scaling SKAI to very large datasets (n > 100,000). While approximation techniques exist, further
research is needed to optimize SKAI for massive-scale applications.

First-Layer Focus: The current implementation only initializes the first layer with spectral
alignment. While this provides substantial benefits, extending SKAI to deeper layers could yield
additional improvements.

Target Kernel Heuristics: The choice of target kernel remains somewhat heuristic. While class
similarity and RBF kernels are natural for classification tasks, optimal target kernels for other tasks
require further investigation.

Limited Architecture Exploration: The experiments focused on residual networks with batch
normalization. The effectiveness of SKAI for other architectures (e.g., transformers, recurrent
networks) remains to be investigated.

Future Research Directions:

Multi-Layer Spectral Alignment: Extending SKAI to initialize multiple layers with spectral
alignment could provide additional benefits, particularly for very deep networks. This would involve
aligning representations at multiple scales or developing a hierarchical spectral alignment strategy.
Adaptive Target Kernels: Developing methods to adaptively learn the target kernel during training
could further improve performance. This could involve updating the target kernel based on
intermediate representations or using kernel alignment as a regularization objective during training.
Semi-Supervised and Unsupervised Learning: Extending SKAI to semi-supervised and
unsupervised settings, where explicit class labels may not be available for all samples, would
broaden its applicability. This could involve using graph-based kernels or self-supervised target
kernels.

Transfer Learning and Domain Adaptation: Applying SKAI to transfer learning scenarios, where a
network is pre-trained on one task and fine-tuned on another, could improve adaptation speed and
final performance.

Theoretical Analysis: A deeper theoretical analysis of how SKAI affects the NTK spectrum and
training dynamics would strengthen the theoretical foundations. This could include deriving closed-
form expressions for the NTK eigenvalues under SKAI and analyzing how spectral alignment affects
the learning trajectory.
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6. Approximation Techniques: Developing efficient approximation techniques (e.g., randomized SVD,
Nystrom method) to handle large datasets would improve SKAI's practical scalability. This is
particularly important for applications in computer vision and natural language processing, where
datasets often contain millions of samples.

7. Integration with Other Techniques: Exploring the integration of SKAI with other optimization and
regularization techniques (e.g. spectral regularization, weight decay, dropout) could yield synergistic
improvements. The relationship between spectral alignment and recent advances in normalization
techniques also warrants investigation.

8. Frequency-Domain Analysis: Conducting frequency-domain analysis of SKAl-initialized networks
would provide direct evidence for the spectral bias mitigation hypothesis. This could involve
analyzing the Fourier spectrum of network activations or studying the learning dynamics of different
frequency components.

6.5 Broader Impact

The SKAI framework contributes to the broader goal of making deep learning more efficient, reliable, and
interpretable. By establishing a principled connection between kernel methods, spectral matrix
approximation, and network initialization, SKAI provides a foundation for future research at this
intersection.

The concept of explicit kernel alignment extends beyond initialization and could inspire novel approaches
to architecture design, training algorithms, and transfer learning. The ability to encode prior knowledge
into network initialization through spectral alignment opens new possibilities for incorporating domain
knowledge into deep learning systems.

Furthermore, the theoretical grounding of SKAI in NTK theory and spectral bias provides a framework for
understanding why certain initialization strategies work better than others. This understanding could
guide the development of future initialization methods and contribute to the ongoing effort to make deep
learning more principled and less reliant on empirical trial-and-error.

7. CONCLUSION

This paper has presented the Spectral Kernel Alignment Initialization (SKAI) framework, a novel

approach to deep network initialization that explicitly aligns the input Gram matrix with a target kernel

structure. By leveraging spectral decomposition and regularized matrix approximation, SKAI produces an

initial feature representation whose covariance and principal directions already reflect task-relevant

structure, thereby accelerating learning and improving performance.

The proposed method bridges kernel methods, spectral matrix approximation, and deep network

initialization three areas that have largely developed independently. The theoretical foundations draw on

recent advances in NTK theory, spectral bias, and silent alignment, providing a principled basis for the

approach.

Comprehensive experiments on MNIST, Fashion-MNIST, and CIFAR-10 demonstrate that SKAI achieves:

e Superior accuracy: 0.17-0.85% improvement over the best baseline, with larger gains on more
complex datasets

o Faster convergence: 25-35% fewer epochs to reach 90% of final accuracy

e Exceptional kernel alignment: Gram alignment error approximately one order of magnitude lower
than baselines

e Excellent conditioning: NTK condition numbers one to two orders of magnitude lower than
variance-based methods

o Favorable computational trade-off: 18% initialization overhead offset by faster convergence

The results establish the connection between spectral matrix approximation, kernel methods, and deep-

network initialization, confirming that explicit kernel alignment at initialization provides a foundation for

accelerated learning and improved performance. The study demonstrates that the geometric structure of

training data should be considered in initialization design, moving beyond variance-based approaches

that ignore task-relevant relationships.

Future work will extend SKAI to deeper layers, explore adaptive target kernels, develop efficient

approximation techniques for large-scale applications, and investigate applications in semi-supervised

and transfer learning settings. The spectral alignment framework opens numerous avenues for improving

deep network training through principled, data-aware initialization strategies.
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