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Abstract

Machine learning optimization algorithms often face challenges in navigating highly complex non-convex surfaces, leading to
convergence to poor solutions because of saddle points, sharp minima, and plateaus. In this paper, a new algorithm, namely
Curvature-aware Stochastic Gradient Descent (CA-SGD), is developed by combining curvature estimates through Hessian
vector product approximations to adaptively vary the step size of optimization according to the geometry of the local
landscape. The method strikes a balance between computational tractability and geometry-aware update, hence, improving
efficiency. The CA-SGD algorithm was tested using both synthetic and real-life benchmarks, such as the Rosenbrock problem
and the MNIST benchmark dataset. The results obtained from the experiments show that CA-SGD is better compared to other
algorithms such as SGD, RMSProp, and Adam. The lowest Rosenbrock loss value achieved was 0.82, while the highest accuracy
attained by using the MNIST dataset was 98.5%, with the minimum iteration being 650. It can therefore be deduced that the
application of CA-SGD can lead to efficient solutions to high-dimensional optimization problems. Future work will entail
implementing CA-SGD in deep neural networks, meta-learning, as well as Hessian approximations.
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1.introduction

Optimization of machine learning models frequently deals with extremely complex non-convex surfaces, where
standard stochastic gradient descent (SGD) algorithms can hardly find the global optimal solution [1]. The
standard stochastic gradient descent algorithms with deep learning rely solely on gradients for making updates,
which implies that they might converge at local optimums, get stuck at saddle points for an extended period, and
move slowly away from plateaus [2]. Consequently, they exhibit poor performance in terms of convergence and
sub-optimal results based on optimization [3][14]. To address the issue, CA-SGD approaches incorporate the
information about the curvature into their processes. In turn, this renders them sensitive to the surrounding
conditions and enables them to regulate their learning rates according to the nature of the loss surface .
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The inefficiency of conventional optimization strategies in solving problems with non-convex functions
represents one of the primary concerns of the paper under discussion [4]. This paper presents a technique that
takes into account the curvature of the objective function while choosing steps for updating the parameters. This
is useful in improving convergence stability and avoiding situations where the algorithm gets trapped in a saddle
point.

Objectives of the research:

1. Designing a curvature-aware SGD method for high-dimensional non-convex functions.
2. Application of the designed method on benchmark datasets and comparison with other approaches.
3. Convergence stability and other effects due to consideration of curvature information.

This paper begins with an explanation of non-convex optimization problems and the importance of curvature-
aware updates (Section I). Subsequently, the various variants of SGD will be discussed (Section II). Following that,
the CA-SGD algorithm proposed by and the mathematics behind it will be discussed in detail (Section III). The
further go into the experimental results of this algorithm on standard datasets (Section IV). Lastly, the
conclusions and discussions will be presented (Section V).

1. Literature Review

Standard stochastic gradient descent (SGD) continues to be among the most popular optimization algorithms in
machine learning because of its straightforward nature and efficient computations [5]. This Al algorithm can
guarantee convergence in convex optimization [6][15]. Nevertheless, in non-convex optimization scenarios —
which often arise with complex models in deep learning - the same method tends to perform rather poorly since
it may converge slowly or even get stuck in poor quality local minima/saddle points. A number of improvements
have been used to deal with the above problem, namely, stochastic gradient descent with momentum, RMSprop,
and Adam [13], wherein not only was the history of gradients used but also the dynamic updating of the learning
rate to help with convergence [7][8]. However, these methods fail to consider the curvature properties of the loss
surface.

Curvature awareness has been incorporated into the optimization process before through Newton's method and
Quasi-Newton optimization methods, which leverage Hessians as part of parameter update. Such optimization
ML techniques can allow convergence to be achieved faster and saddle points to be avoided through adjusting
step sizes using curvature information [9][10]. However, computation of Hessian is computationally expensive
due to its large size in high-dimensional networks containing millions of parameters [11]. Some approximation
techniques have been developed recently, namely, SGDOpt, to estimate curvatures. SGDOpt is an approach that
strikes an optimal balance between geometry-informed updates and computational cost.

However, there are some limitations with the current methodologies, namely, high computational cost, curvature
hyperparameter sensitivity, and scalability in large networks. Hence, there is a requirement of a scalable and
efficient SGDOpt algorithm that improves upon curvature-based optimization while maintaining efficiency in
computation [12][16]. The current research aims to address the above problems and offer a framework that
balances efficiency with optimization convergence.

2. Methodology

3.1 Introduction to Curvature Aware SG

The curvature-aware stochastic gradient descent (CA-SGD) technique enhances the performance of the original
SGD method by incorporating the curvature information into the parameter updating process. By approximating
the Hessian vector product, the CA-SGD algorithm estimates the curvature of the function around its minimum
value, thereby determining the curvature of the function without computing the Hessian matrix directly. The CA-
SGD algorithm is an efficient optimization algorithm that performs well when dealing with complex, high-
dimensional optimization problems often found in the realm of deep learning and reinforcement learning. CA-
SGD uses the curvature information to adjust the step size in accordance with the local curvature information.
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3.2 Proposed Algorithm

The CA-SGD algorithm uses mini-batch data in an iterative way for computing the gradient and curvature of the
model and updating the parameters. In this regard, for every iteration of the algorithm, the gradient of the mini-
batch data set will be calculated. Besides, the curvature of the mini-batch data set can be approximated by
calculating the Hessian-vector product. The learning rate will be obtained by calculating the inverse of the
approximated curvature of the model. This will make sure that the CA-SGD algorithm does not diverge from the
solution but converges steadily. The last thing that happens in the CA-SGD algorithm is adjusting parameters
using the gradient step.

The algorithm proceeds as follows:

Input: Initial parameters 0y, learning rate 1, mini-batch B, curvature scaling factor A
Output: Optimized parameters 6*

1. Sample mini-batch B from the dataset

Compute gradient g = VL(0)

Estimate curvature c = ||H(0) - g|| (Hessian-vector approximation)
Adjust step size: =1/ (1 + Ac)

Update parameters: 6=60-1"*g

6. Repeatuntil convergence

g1 W

Here, the optimization of the parameters takes place iteratively using mini-batch sampling, gradients, and
estimating the curvature locally using the approximation of the Hessian vector. The step size is also dynamically
adapted based on the curvature information. Then, the parameters are updated, and the procedure is continued
iteratively until convergence.

Input:

* Training Data Initiali -
> nitialize Sample Mini-batch

* Loss Function L(6)
0= .
« Initial Parameters 60 t=0 B from Training Data
- Hyperparameters
B &1
Compute Stochastic Gradient
t B t
g =Wy, ]
Estimate Curvature
(e.g., Hessian Trace or
Diagonal Approximation)
Output:
Optimized Parameters 0 l
T Adjust Learning Rate
Based on Curvature
fmit ] Update Parameters < 1
= 4— -+ =—
0" =, T=1+B-C

Figure 1: Workflow of Curvature-Aware Stochastic Gradient Descent Algorithm

The CA-SGD algorithm is illustrated in Figure 1 below. This algorithm is initialized with parameter initialization.
The initializations are comprised of the dataset used for training, loss function, initial weights, and
hyperparameters. The algorithm follows a sequence of operations, including the selection of mini-batches,
stochastic gradient computation, and curvature estimation using approximated Hessian matrices. It then
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dynamically modifies the learning rate based on the curvature before carrying out the process of updating
parameters. This iterative procedure continues until the stopping criteria are met.
3.3 Mathematical Formulation

Assume L(0) is the loss function. The CA-SGD is given by Equation 1:
-9, —— "
Ocsr = 0 — T mia VL) (D

where H(0) is the Hessian matrix approximation, and A is the curvature scaling factor. This ensures step sizes
adapt to local landscape curvature without full second-order computations.

3. Experimental Evaluation

4.1 Benchmark Datasets and Metrics

In order to demonstrate the performance of the proposed CA-SGD algorithm, both simulated and real
benchmarking data sets have been used. The Rosenbrock Function is employed as an example of a two-
dimensional non-convex function in order to demonstrate the convergence capability and robustness of CA-SGD
when exploring a highly complex space. In order to test the algorithm for practical performance, the MNIST data
set is utilized in order to determine classification accuracy employing a deep neural network approach.

4.2 Performance vs. Existing Methods

The CA-SGD algorithm outperforms other optimization algorithms. The best results achieved by CA-SGD can be
seen in Table 1. CA-SGD gives the minimum Rosenbrock loss (0.82) as well as the highest MNIST classification
accuracy (98.5%) in the minimum number of iterations (650). In contrast, SGD, Adam, and RMSProp take more
iterations, have larger loss values, and lower classification accuracy. It shows the efficiency of curvature
awareness and proves that CA-SGD efficiently navigates through non-convex landscapes.

Table 1: Performance Comparison of CA-SGD and Existing Algorithms

Algorithm Rosenbrock Loss MNIST Accuracy Iterations to Converge
SGD 1.28 97.5% 1200
Adam 0.95 98.1% 850
RMSProp 1.02 97.9% 900
CA-SGD (Proposed) 0.82 98.5% 650
4.3 Analysis of Results

The convergence rate of the developed CA-SGD algorithm is evaluated using the popular Rosenbrock test problem
compared with other optimization algorithms, such as SGD, Adam, and RMSProp. Fast convergence of the CA-
SGD algorithm results from curvature-aware step sizes that do not converge at the plateaus and achieve minimal
loss. With regard to the MNIST dataset, this algorithm provides maximal accuracy. The loss curves for all
optimizers with an increasing number of iterations are illustrated in Figure 2. It can be noted that CA-SGD is
characterized by the best convergence rate and reaches minimum loss values. Adam and RMSProp converge
faster than SGD but worse than CA-SGD.
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Figure 2: Convergence of CA-SGD Compared to SGD, Adam, and RMSProp on the Rosenbrock
Function

4. Conclusion

Results from the suggested algorithm, known as Curvature-Aware Stochastic Gradient Descent (CA-SGD), are
evident in improving performance in the landscape of non-convex optimization tasks when compared with
standard stochastic gradient descent (SGD) and adaptive algorithms, including Adam and RMSProp. As revealed
by the results of experiments, the CA-SGD algorithm provides for a minimum Rosenbrock loss value of 0.82 and
a maximum MNIST classification accuracy value of 98.5% within the shortest time period of 650 iterations
relative to the time taken by other algorithms, such as SGD in 1,200 iterations, Adam in 850 iterations, and
RMSProp in 900 iterations. The adaptive mechanism for the adjustment of the step size of the CA-SGD algorithm
helps avoid saddle points, overshooting sharp minima, and getting trapped in plateaus.

Key aspects of the study involve the formulation of a scalable CA-SGD algorithm using the concept of curvature
adaptation, enhanced convergence and optimality, and applicability of the approach in addressing the non-
convex and high-dimensional problems. Limitations of the approach under consideration are related to the high
computational burden resulting from curvature calculations and the necessity of setting a proper value of the
hyperparameter A. Future research directions for the algorithm involve the scaling up of CA-SGD to deep learning,
implementation of adaptive strategies for adjusting the parameter A, and combining the CA-SGD algorithm with
second-order approximations.
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