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Abstract

Deep learning has achieved remarkable predictive performance despite the highly non-convex optimization landscapes,
overparameterized architectures, and complex stochastic training dynamics of modern neural networks. This paper develops a
mathematical framework for analyzing three interconnected foundations of deep learning: convergence, stability, and
generalization. The analysis formulates neural-network training as an optimization problem and examines gradient descent and
stochastic gradient descent through smoothness, Lipschitz continuity, Hessian spectra, Polyak-Lojasiewicz conditions, and
learning-rate constraints. Stability is investigated through parameter perturbation, algorithmic stability, and sensitivity to training-
data variations. Generalization is analyzed using empirical and population risk, Rademacher complexity, margin-based arguments,
PAC-Bayes bounds, and Neural Tangent Kernel formulations. The framework further examines the relationship between
optimization dynamics and generalization in overparameterized networks, highlighting how implicit regularization, spectral
properties, and training trajectories influence predictive performance. Recent theoretical developments concerning edge-of-
stability behavior and overparameterized optimization are incorporated to establish an integrated mathematical perspective on
deep-learning reliability and generalization.

Keywords: Deep Learning, Convergence Analysis, Algorithmic Stability, Generalization Theory, Neural Tangent Kernel, Stochastic
(_Optimization.

A

1. Introduction

Deep learning has emerged as a fundamental computational paradigm for solving complex problems
involving high-dimensional, nonlinear, and heterogeneous data. Its success across computer vision, natural
language processing, scientific computing, healthcare, autonomous systems, and engineering has been
driven largely by the expressive capacity of multilayer neural networks. However, the mathematical
foundations underlying this empirical success remain substantially more complex than those of
conventional statistical learning models. Deep neural networks typically involve highly non-convex
optimization landscapes, millions or billions of trainable parameters, stochastic optimization procedures,
and substantial overparameterization. Consequently, understanding the mathematical conditions
governing convergence, stability, and generalization has become an important research problem in modern
learning theory.

Convergence concerns the behavior of an optimization algorithm as training progresses. In conventional
optimization theory, convergence guarantees are frequently derived from properties such as convexity,
smoothness, bounded gradients, or strong curvature. These assumptions are generally difficult to establish
globally for deep neural networks because their loss landscapes contain saddle points, flat regions, multiple
local minima, and regions of highly variable curvature. Nevertheless, theoretical studies have identified
conditions under which gradient-based optimization can converge toward stationary or globally optimal
solutions in specific classes of non-convex problems. Conditions based on smoothness, the Polyak-
Lojasiewicz property, and related geometric characteristics have therefore become important tools for
extending optimization theory to deep-learning settings [1].

The convergence problem is also strongly affected by stochasticity. Modern neural networks are commonly
trained using mini-batch stochastic gradient methods rather than deterministic full-batch optimization.
The resulting optimization trajectory depends not only on the underlying loss surface but also on batch
composition, gradient variance, learning-rate selection, initialization, and training duration. This stochastic
behavior creates a direct connection between optimization dynamics and algorithmic stability. A learning
algorithm that is highly sensitive to small changes in its training data may produce significantly different
parameter trajectories and consequently different predictive functions. Stability analysis therefore
provides an important mechanism for understanding how optimization procedures interact with statistical
generalization [2].
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Generalization represents the ability of a trained model to perform effectively on previously unseen
observations. Classical statistical learning theory commonly relates generalization to the complexity of the
hypothesis class. However, the behavior of modern deep networks challenges a simple relationship
between model size and generalization. Deep networks frequently contain far more parameters than
training observations and can interpolate or nearly perfectly fit the training data while still achieving strong
performance on independent data. This phenomenon has motivated substantial theoretical research into
margin, spectral complexity, parameter norms, optimization dynamics, implicit regularization, and data
geometry as alternatives or complements to traditional parameter-count-based measures [3].

Algorithmic stability offers a particularly important perspective because it focuses on the sensitivity of the
complete learning procedure rather than merely the complexity of the final model class. A stable algorithm
should not change its predictions substantially when a small portion of the training dataset is modified.
Research on stochastic gradient descent has shown that smoothness properties, learning rates, and the
number of optimization iterations can influence algorithmic stability and, consequently, generalization
behavior [2]. This perspective is particularly relevant for deep learning because stochastic optimization is
an integral component of contemporary neural-network training.

Another major theoretical development is the Neural Tangent Kernel (NTK), which provides a mathematical
framework for studying the behavior of sufficiently wide neural networks. The NTK describes the evolution
of neural-network functions during gradient-based training in certain infinite-width or large-width regimes
and establishes connections between neural-network optimization and kernel methods [4]. The framework
has enabled researchers to derive convergence and generalization results that are difficult to obtain directly
from the original nonlinear network formulation. However, the assumptions associated with very wide
networks also motivate continued investigation of finite-width networks and feature-learning regimes.
Theoretical research has further demonstrated that trainability and generalization are related but distinct
properties. A network may possess favorable optimization characteristics without necessarily possessing
equivalent statistical generalization guarantees. Analyses of wide and deep neural networks have therefore
investigated the separate roles of kernel evolution, architecture, initialization, and optimization in
determining training dynamics and predictive behavior [5]. This distinction is important because a
mathematical theory of deep learning must explain not only whether training reaches a low-loss solution
but also why the resulting solution can remain effective outside the training sample.
Overparameterization introduces another significant theoretical challenge. Traditional statistical intuition
suggests that increasing model complexity beyond the size of the available dataset should increase
overfitting. Modern deep learning demonstrates that this relationship is not universally monotonic. Studies
of high-dimensional kernel methods and neural-network regimes have identified double-descent and
related non-monotonic patterns in generalization performance, particularly around interpolation
thresholds and increasing model dimensionality [6]. These findings indicate that model size alone is
insufficient to characterize generalization and that the interaction among optimization, architecture, data
structure, and implicit regularization must be considered.

The mathematical study of deep learning therefore requires an integrated examination of three
fundamental properties. Convergence describes whether the optimization process reaches a useful region
of the loss landscape; stability describes the sensitivity of the learning procedure to perturbations in data
and optimization; and generalization describes the relationship between training performance and
performance on unseen data. These properties are mathematically connected but cannot be treated as
interchangeable. A unified analysis can provide a more complete explanation of how deep networks remain
computationally trainable and statistically effective despite non-convexity and overparameterization.
Accordingly, this paper investigates the mathematical foundations of deep learning through the
interconnected perspectives of convergence, stability, and generalization. Particular attention is given to
non-convex optimization, stochastic training, spectral properties, algorithmic stability, implicit
regularization, Neural Tangent Kernel theory, and overparameterized learning. The objective is to establish
a coherent theoretical perspective capable of explaining the mathematical mechanisms that govern the
training and generalization behavior of modern deep neural networks.

2. Literature Review

The mathematical foundations of machine learning have historically developed through two
complementary research traditions: optimization theory and statistical learning theory. Classical statistical
learning theory established formal relationships between hypothesis complexity, empirical performance,
and population-level generalization. Vapnik's framework provided fundamental concepts for analyzing the
capacity of learning systems and their ability to generalize from finite datasets [7]. These foundations
remain relevant to deep learning, although the extreme overparameterization and nonlinear structure of
contemporary neural networks have necessitated additional theoretical perspectives.

Algorithmic stability represents one of the most influential approaches for connecting learning algorithms
with generalization. Bousquet and Elisseeff established a systematic framework for measuring the
sensitivity of learning algorithms to modifications of their training samples [8]. Rather than analyzing only
the capacity of a hypothesis class, stability theory examines how much the output of a learning procedure
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changes when individual observations are replaced or removed. This approach is particularly relevant to
deep learning because optimization itself forms an essential part of the learning algorithm. Consequently,
the properties of the optimization procedure can influence generalization independently of the nominal
size of the neural network.

The stability of stochastic gradient methods was investigated extensively by Hardt, Recht, and Singer, who
demonstrated that the generalization behavior of stochastic optimization can be related to smoothness,
step-size selection, and the number of optimization iterations [2]. Their work provided an important
theoretical bridge between optimization and statistical learning by demonstrating that generalization can
depend on the dynamics of the training algorithm. This result is especially relevant to deep neural networks,
where stochastic gradient optimization is generally performed for many iterations and where different
optimization settings can produce substantially different learning trajectories.

Convergence analysis has similarly evolved beyond classical convex optimization. Deep neural networks
typically produce non-convex objectives for which conventional global convexity assumptions are
inappropriate. Consequently, researchers have investigated weaker structural conditions capable of
providing meaningful convergence guarantees. Polyak-t.ojasiewicz-type conditions and related geometric
properties have received considerable attention because they can provide convergence guarantees without
requiring strict convexity. Research connecting convergence to stability has demonstrated that learning
algorithms satisfying suitable geometric conditions can possess both optimization and generalization
properties under appropriate assumptions [9]. These results indicate that convergence theory can
contribute directly to the understanding of generalization rather than functioning solely as an optimization
tool.

Another major research direction concerns the complexity of neural-network solutions. Classical
parameter counting is insufficient to explain why highly overparameterized neural networks can generalize
effectively. Bartlett, Foster, and Telgarsky proposed spectrally normalized margin bounds that characterize
neural-network complexity using spectral properties of weight matrices together with classification
margins [3]. Their results established that the functional complexity of a neural network may depend more
meaningfully on the magnitude and structure of its transformations than on the raw number of trainable
parameters. This perspective has become particularly important for understanding deep networks whose
parameter counts can be extremely large.

The Neural Tangent Kernel has provided another influential framework for theoretical analysis. Jacot,
Gabriel, and Hongler demonstrated that sufficiently wide neural networks can be associated with a kernel
governing the evolution of their functions during training [4]. This framework allows certain aspects of
nonlinear neural-network optimization to be analyzed using kernel methods and provides theoretical
conditions for understanding training dynamics. The NTK perspective has consequently become a major
component of modern theoretical deep-learning research, particularly in studies of wide neural networks
and their convergence properties.

Subsequent investigations have examined the relationship between trainability and generalization in deep
and wide neural networks. Xiao, Pennington, and Schoenholz showed that optimization behavior and
generalization should be regarded as related but distinct theoretical phenomena [5]. Their analysis
highlighted the role of architecture, initialization, depth, and kernel behavior in determining whether
networks can be effectively optimized. This distinction is important because low training loss does not, by
itself, provide a complete explanation for good test performance. A comprehensive theory must therefore
consider both the optimization trajectory and the statistical properties of the learned representation.

The role of overparameterization has generated further theoretical developments. Traditional learning
theory often associates increasing model complexity with increasing generalization error after a certain
capacity threshold. However, modern deep-learning systems frequently operate beyond this conventional
regime. Research on high-dimensional neural tangent kernels has demonstrated non-monotonic
generalization behavior, including multiple descent phenomena as dimensionality and parameterization
increase [6]. Such findings indicate that the relationship between complexity and generalization can be
substantially more intricate than the classical bias-variance interpretation suggests.

Implicit regularization has consequently become a major theme in deep-learning theory. Gradient-based
optimization does not necessarily select an arbitrary empirical-risk minimizer when many solutions
achieve comparable training performance. Instead, the optimization trajectory can favor particular
solutions according to factors such as initialization, architecture, learning rate, stochasticity, and parameter
geometry. This phenomenon provides one possible theoretical explanation for the generalization capability
of overparameterized networks. Spectral properties, margins, norms, and kernel structure have therefore
been increasingly studied as indicators of the effective complexity of solutions generated by optimization
[3], [4].

The interaction between optimization and stability has also received considerable attention. Optimization
procedures that converge rapidly are not automatically guaranteed to be stable, while highly stable
procedures may exhibit different convergence characteristics depending on the geometry of the loss
surface. The analysis of stochastic gradient methods demonstrated that optimization duration and learning-
rate behavior can influence stability [2]. Similarly, studies of convergence to global optima have established
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relationships between geometric properties of the optimization problem and the stability of the resulting
learning algorithm [9]. These findings support the view that convergence and stability should be studied
jointly rather than as independent theoretical properties.

Despite substantial progress, several theoretical limitations remain. Many existing convergence results
depend on smoothness, bounded-gradient, overparameterization, or structural assumptions that may not
hold uniformly throughout the training of realistic deep networks. NTK-based analyses provide
mathematically tractable results but often focus on very wide networks and may not fully capture feature-
learning behavior in finite-width architectures. Spectral and margin-based bounds provide useful
complexity measures but may remain too conservative to precisely characterize observed generalization
performance. Stability-based analyses offer algorithm-dependent guarantees but can become difficult to
apply to highly non-convex networks with adaptive optimization and complex architectures.

These limitations identify a continuing research gap in developing a unified mathematical framework that
simultaneously connects convergence, stability, and generalization under realistic deep-learning
conditions. Existing studies have largely examined these properties through individual theoretical lenses,
while their interactions remain only partially characterized. A comprehensive framework should therefore
examine optimization dynamics, perturbation sensitivity, network geometry, effective complexity, implicit
regularization, and statistical generalization within a common analytical perspective. Such an approach can
contribute to a more systematic understanding of why modern deep neural networks can achieve low
training error, remain computationally trainable, and simultaneously maintain useful predictive
performance on unseen data.

3. Mathematical Formulation and Convergence Analysis
3.1 Empirical Risk Minimization and Neural-Network Objective
Consider a supervised learning dataset
D = {(xi, y)}iz1,
where x; € RY denotes the input vector and y; € R® represents the corresponding target. A deep neural
network with L layers can be represented as
h(o) =X,
z® = WOhI-D 4 pO) 1=12,..,L,

h® = ¢,zD),
where W® and b® are the weight matrix and bias vector of layer [, respectively, and ¢;(-) is the
corresponding activation function. The complete parameter vector is

6= {Wm,p®, W, p»},

The network output is consequently

fo(x) = h®.
For a general loss function £, empirical risk minimization is formulated as

1 n
£8) == ) £ (fale). ).

For classification problems using cross-entropy loss,
[

¥ =— Z Yik log ik,
k=1

n
1
Lep(0) = — ;Z Z Yik log Vi

For regression using mean-square error,

n
1
Lysz(0) = ZZ I foCeo) = i 112
i=1

and therefore

The optimization problem is
6" = arggréﬁg),ﬁ(e),
where p is the total number of trainable parameters. In modern deep networks, p can substantially exceed
n, producing an overparameterized regime
p>n
This regime is central to contemporary deep-learning theory because empirical minimization can admit
many parameter configurations satisfying
L(6") = 0.
Consequently, optimization theory must explain not only whether a solution is reached but also which
solution is selected by the training dynamics.
The population risk is defined as
R(6) = B y)-p[€(fo (), 9)].
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The generalization gap is
G(6) =R(O) — L(O).
A successful learning algorithm therefore requires simultaneous control of optimization error and
generalization error. A useful decomposition is
R(Or) = R(67) = R(6r) — L(Or) + L(67) — L(6") + R(6") — R(Oope),

generaliZ:tion error optimizaﬁon error estimationfmodel error

where 67 is the parameter vector after T optimization steps.
This formulation establishes the central theoretical relationship investigated in this work: convergence
controls the optimization component, stability influences sensitivity and generalization, while the
statistical structure of the learned model determines the remaining population-risk behavior.
3.2 Gradient Descent and Stochastic Optimization Dynamics
For deterministic gradient descent (GD), the parameter update is

01 = 0 =1 VL(O,),
where 7, > 0 is the learning rate.
For a constant learning rate,

011 = 0, —nVL(G,).
SGD instead uses a mini-batch B; and computes

1
90 =15 Vo b(fa, (v 0,
| By | 4
LEBt
giving
Ot11 = 0 — Mgt
The stochastic gradient can be decomposed as
e =VL(EO) + &4,

where
E[$;, 16,]=0
under unbiased sampling. Its conditional covariance can be expressed as
26
Cov(é, 16) =50,
| By |

where X (8,) characterizes gradient variability.
Consequently, SGD dynamics can be written as
Or+1 = 0 =1 VL(O) — 1ede
The equation demonstrates that the learning trajectory is determined by three major factors:
Training dynamics = deterministic descent + gradient noise + learning-rate schedule.
For a twice-differentiable objective, a second-order Taylor approximation around 8, gives

1
L6, + 40) ~ L(0) + VL(O,)" 46 + 5 40" H, A,

where
H, = VZL(et)
is the Hessian matrix.
For GD,
460, = —nVL(6,),

which produces
2

L(O¢41) = L(6) —n 1 VLG I3+ 777 VL(O) HVL(6,).
Thus, the local curvature represented by H, directly determines whether an optimization step produces
stable descent.
For an L-smooth loss,
N VLO) — VL) < L1l 6; — 6, .
The corresponding descent inequality is

L
L) < £0) -1 (1-21) 17260 15
Hence, the sufficient condition

0< <2
)

ensures a positive coefficient for gradient-norm reduction under the standard smoothness assumptions.
3.3 Smoothness, Lipschitz Continuity, Hessian Spectrum, and Stability Conditions
The Hessian provides a local representation of the curvature of the deep-learning loss surface. Let its
eigenvalues be

/11(Ht) = Az(Ht) =2 Ap(Ht)'
The largest eigenvalue,

Ainax (Hy),
determines the dominant local curvature direction.
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For a quadratic approximation
L) = %HTHH,
the GD update becomes
041 = (I —nH)O;.
For an eigenvector v; satisfying
Hv; = Ajvj,
the corresponding component evolves according to
Q1 = (1 —nA)a;,.
The stability condition for the quadratic system is therefore
| 1-— T]ﬂ.j |< 1
for all positive eigenvalues, resulting in
0SS Tl
The convergence factor can be expressed as
pzmjglx [ 1—=n4; .
For
0<p<l,
the error decreases geometrically,
Il 6, — 6" 1< p* Il 6o — 6 II.

_ A (H)
Amin (H) '
where 1,,;, (H) > 0. Alarge k indicates an ill-conditioned optimization landscape in which some directions
converge considerably more slowly than others.
For a strongly convex local region,

The local condition number is

ul < H<LI
where 0 < u < L, the optimal constant learning rate for the quadratic model is
2
T +u
and the corresponding contraction factor is
* L — H
P =Tvu

These relationships provide a mathematical explanation for why curvature-aware optimization and
adaptive learning-rate mechanisms can substantially alter training dynamics.
Recent stability analysis of SGD further establishes that stochastic training possesses its own stability
threshold and that mini-batch size influences this threshold. The exact mean-square stability analysis
reported in recent work shows that the stability threshold is non-decreasing with batch size, indicating that
smaller batches can reduce dynamical stability under the analyzed local conditions [10]. This result
strengthens the connection between stochastic gradient variance, batch size, and local optimization
behavior.
A useful theoretical stability index can consequently be defined as
o e (o)

The regimes can be characterized approximately as

S >1 = locally stable step size,

S =1 = edge-of-stability region,

S: <1 = potential local instability.
This formulation is particularly useful for interpreting rapidly changing curvature during deep-network

training.

Table 1. Mathematical Conditions Governing Deep-Learning Optimization
Property Mathematical condition Primary implication
Gradient smoothness | VL(6) —VL(B')II< LI 6—0"I | Controls gradient variation
Stable GD step 0<n<2/na(H) Prevents local divergence
Strong convexity H > ul Enables linear convergence
Condition number k=L/u Determines optimization conditioning
Gradient stationarity Il VL(@) II= 0 Indicates approach to stationary point
PL condition % I VL 122 u(l — 1Y) Supports global linear loss convergence
SGD variance Var(g;) «1/B Links batch size to stochasticity
Hessian spectral radius p(Il—nH) <1 Local dynamical stability
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3.4 Convergence under GD, SGD, and Polyak-Lojasiewicz Conditions
For an L-smooth objective bounded below by L*, gradient descent satisfies

Ln
L(Opr1) < L(O) — 1 <1 - 7) Il VLG 1%
For
< 1

ns ik

this simplifies to
n
L(O1) < L(6) — > Il VL(6,) I

Summing overt =0, ...,T — 1 gives

T-1
1 2[£(6o) — L']
T tzo VLG, IIP< T

2[L(6,) — L]
nT

I hUS,
min VL(O 2<
Ostl<l " ( t) "

This provides the classical non-convex convergence rate

°(7)
T
for the squared gradient norm under the stated assumptions.
A stronger condition is the Polyak-tLojasiewicz condition,

% Il VL(O) 1= u[L(B) — L],

where y > 0. Combining this with the descent inequality produces
L(Op+1) — L7 < (1 —nw)[L(6) — L7].
Consequently,
L(Or) =L <A —nuw)'[L(8) — L7].
Using
1-x<e™™
the bound becomes
L(B7) — L* < e ™MT[L(G,) — L].
Hence, the number of iterations required to reach optimization error ¢ satisfies approximately
1 L(By) — L7
T =—Ilog <—>
nu €
For stochastic optimization, assuming bounded variance
E[ll g: — VL(6,) I°1 6] < 02,
the expected optimization behavior can be represented in the form

ELL(Bc)] < EL£(8)] — 1 (1~ ) Ell VL) 17] +

Ln?a?

2

The final term,
Ln?a?
2 )
represents the stochastic-error floor. It demonstrates why reducing the learning rate or increasing the
mini-batch size can reduce the variance-induced optimization floor.

With batch size B,
2
of ~ L
B~ g
and therefore
Ln?*af Ln’of
2 2B

This establishes a direct mathematical relationship among learning rate, batch size, gradient variance, and
convergence stability.

Table 2. Representative Convergence Behavior under Different Optimization Conditions

Optimization Learning-rate Dominant
condition relationship Expected convergence behavior limitation
Strongly convex local 0<n<2/L Linear Conditioning
region

Smooth non-convex 0<n<1/L Stationary-point convergence Non-convexity
objective

PL-condition objective 0<n<1/L Linear loss convergence PL constant
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Optimization Learning-rate Dominant

condition relationship Expected convergence behavior limitation

SGD with large batch Moderate 1, large B | Low gradient-noise floor Computational

cost

SGD with small batch Moderate , small B | Higher stochastic variation Gradient variance

Excessive learning 1N =2/ Amax(H) Oscillation/divergence possible Curvature

rate locally

Near edge of stability NAmax(H) = 2 Oscillatory but potentially Local sharpness
decreasing loss

Recent theoretical work has explicitly analyzed an “unstable convergence” regime in gradient descent,

showing that oscillatory behavior can occur during early iterations before the trajectory enters a locally

decreasing regime. This provides a mathematical basis for distinguishing transient optimization instability

from complete divergence [11].

3.5 Neural Tangent Kernel Formulation of Convergence

For a network function fj(x), define the parameter Jacobian
Jo() = 0fp (%)

0 a6

The Neural Tangent Kernel is defined as

Ko(x,x") = Jo(x)]o(x")".

For training samples X = {x;, ..., x,,}, the empirical NTK matrix is

Ko =JoJj-
For squared loss,

1 2
L= o(X)—yliz,
the function-space dynamics under gradient flow can be represented as

dfi(X
D - —kitren -1
When the NTK remains approximately constant,
K; = K,,

the residual

e =fe(X)—y
satisfies

dr;

E = _KOrt-
Therefore,

1, = e Kolyy,
If

K, =UAUT,
where

A =diag(Ay, ..., 4,),

then

1, = Ue ™ UTr,.
For each eigencomponent,
1 () = e (0.
The convergence rate is therefore governed by the smallest positive NTK eigenvalue,
A;Fnin (KO)-
The characteristic convergence time is approximately
1
T D (Ko)
Theoretical NTK analysis establishes that wide-network training can be characterized through such kernel
dynamics and that positive definiteness of the limiting kernel is directly related to convergence [4].
([NeurIPS Papers][1])

Table 3. NTK-Based Mathematical Indicators

Indicator Mathematical expression | Interpretation

NTK matrix K=]" Function-space training geometry
Largest eigenvalue Anax(K) Fastest convergence direction
Smallest positive eigenvalue A (K) Slowest learned direction

Kernel condition number Kx = Amax (K)/A4 ., (K) | Spectral conditioning

Residual dynamics . = e Xir Function-space convergence
Convergence time T~ 1/ (K) Characteristic training scale
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3.6 Learning-Rate, Initialization, and Overparameterization Effects

The learning rate is one of the dominant parameters governing the stability of deep-network optimization.

Its interaction with the maximum Hessian eigenvalue can be summarized by the dimensionless quantity
It = Nt Amax (Hy).

The principal local regimes can be represented as

o<r<1
for conservative descent,
1s <2
for oscillatory but potentially stable dynamics, and
=2

for local instability in the quadratic approximation.
The practical significance of this relationship is that a fixed learning rate does not imply a fixed stability
regime because

ﬂ-ma.x (Ht)
can vary substantially during training. Consequently,

I # constant
even when
Ne =1

This explains why a training process can move between smooth descent, oscillatory behavior, and
instability without changing its nominal learning rate.
Initialization also affects the optimization trajectory. Let

6y ~ Py.
Then the final trained parameter vector can be represented as

Or = A(D, 0o, {Sc} (n:)),

where A denotes the optimization algorithm. Thus, two networks with identical architectures and training
data can produce different solutions when their initialization or stochastic optimization trajectories differ.

Overparameterization introduces a further degree of freedom. Let
p

Y =h

denote the parameter-to-sample ratio. The regimes
y <1, y =1, y>1

represent underparameterized, interpolation-scale, and overparameterized settings, respectively.
In the overparameterized regime,

p>n,
multiple interpolating solutions can exist. Gradient-based optimization can consequently be viewed as
selecting one solution from a large feasible set:

0, ={6:L(6) = 0}.
The optimization trajectory determines the selected element
Osp € O,.

This implicit selection mechanism is central to modern theories of deep-learning generalization. High-
dimensional NTK analysis has shown that generalization error can exhibit non-monotonic behavior deep
within the overparameterized regime, including multiple descent structures rather than a simple
monotonic deterioration with model size [6]. ([Proceedings of Machine Learning Research][3])

4. Stability Analysis of Deep Learning Models
4.1 Mathematical Definition of Algorithmic Stability
Let
S =1{zy,2, -, 7y}
be a training dataset and let
NO;

denote a neighboring dataset obtained by replacing the i-th observation. If A is a learning algorithm, its
outputs are

05 = A(S)
and

O, = A(SD).
Algorithmic stability measures the difference between predictions generated by these two training
procedures.
For a loss function #, uniform stability can be expressed as
sup | £(6s,z) — £(05, 2) I< B.

S,z
The parameter sensitivity can additionally be measured using

49 =1l 65 — 0 .
The corresponding function-space sensitivity is
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200) =1 fos () = fo g () Il

These quantities distinguish three related but different forms of stability:
parameter stability — function stability — loss stability.
A model may experience substantial parameter variation while exhibiting comparatively small functional
variation because neural networks can contain redundant parameterizations.
The expected generalization gap of a uniformly stable algorithm can be bounded in terms of its stability
parameter. In the standard bounded-loss setting,
| E[G(65)] 1< B.
Thus,
Bl = tighter expected generalization control.
The classical stability framework developed by Bousquet and Elisseeff established the theoretical
relationship between algorithmic stability and generalization [8].
4.2 Stability of Gradient-Based Training
Consider two neighboring datasets S and S’ and corresponding GD trajectories
Or+1 = 0, —nVLs(6,),
Oiy1 = 6; —nVLg(6p).
Define the parameter difference
6 =6, —0,.
Then
841 =6, —n[VLs(6:) — VLsr (8]
Adding and subtracting VLg(6)),
8er1 = 6 = N[VLs(8,) = VLs(60)] = n[VLs(6:) — VLs (60)]-

If the gradient is L-Lipschitz,

| VLs(6,) — VLs(6:) IS L Il 6, 1,
leading to the recursive bound

| 6¢4q IS (X +1L) Il 6, Il +14,,
where 4, represents the difference caused by the changed training example.
Iterating this inequality gives

T-1

I 67 1< (14+nL)" 1l 8 Il +7 z( 14 nL)T-1-t4,.

t=0
For identical initialization,
8 =0,
SO
T-1
167 1S 7 ) (1+nL)" 44,

t=0
This expression demonstrates why the number of optimization iterations can influence stability. Even small
perturbations can accumulate through repeated optimization updates.
A more refined local analysis based on the Hessian gives

Oer1 = (I —nH)S + 18,
where (, represents the perturbation induced by the changed training sample.
The corresponding amplification factor is

pe =1 —nH, ll,.
Stable propagation requires
pr < 1.
Therefore,
T-1 T-1
67 11 Zn( [ pk> g
t=0 \k=t+1

This provides a direct mathematical link between local curvature and algorithmic stability.

Table 4. Stability Measures for Deep Neural Networks

Mathematical representation
Stability measure Interpretation
Parameter stability Il 6s— 64 I, Sensitivity of learned parameters
Function stability Il fo(x) — fgs, @) I, Sensitivity of predictions
Local amplification p: =1 —nH |, Perturbation amplification
Gradient perturbation { =VLs—VLy Data-induced training disturbance
Generalization relation | $ E[G]

4.3 Stability under Stochastic Gradient Descent
For SGD, the neighboring trajectories can be represented as
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Ors1 = 0 — M [VL(O,) + ¢,
Oip1 = 0L — 1 [VL'(8) + &{].
Op41 = O — M [VL(By) — VL' (B)] — e (& — ED-

I 8psq II2

and
Their difference is
Consequently,

depends on three major components:
stability = curvature + data perturbation + gradient noise|

The stochastic component satisfies approximately

Var(é,) « %,
where B is the mini-batch size.
Hence,
BT = Var(é) .
However, reduced stochasticity does not automatically imply improved generalization in every regime
because stochastic noise can also influence implicit regularization and solution selection.
For mean-square stability near a local minimum, the Hessian-based dynamics can be approximated by

eryr = (I —nH)e; — né;.
Elecy1] = (I —nH)E[e,].
P = IE[etetT],

the stochastic recursion approximately follows
Peyr = (I =nH)P(I —nH)" + 2.

Taking expectations,

For the covariance matrix

At equilibrium,
Py =P =Py,

giving the discrete Lyapunov equation

P, = —nH)P,(I —nH)T +n%Z.
This equation provides a direct mathematical representation of the trade-off between curvature-induced
contraction and stochastic-gradient-induced parameter fluctuations.
Recent exact mean-square stability analysis has derived necessary and sufficient local stability conditions
for SGD and shown explicitly that the batch size influences the stability threshold [10].
4.4 Parameter-Space, Function-Space, and Loss-Space Stability
Parameter stability alone does not fully characterize neural-network stability because different parameter
vectors can represent similar functions. Therefore, three levels of stability should be distinguished.
Parameter-space stability

_ " 95 - 95’ ”2
T b5t e
Function-space stability
B I fos () = foy, (O I
T B | T @ e |

Loss-space stability
Se = E,p[l (0s,2) —€(65,2) I].
Here € > 0 prevents numerical singularities.
A useful composite stability index is
Stotal = WgSg + Wfo + Wfo,
subject to
Wg + Wf + Wy = 1,
with
Wg, W, Wy = 0.
This formulation recognizes that parameter perturbations, functional perturbations, and predictive-loss
perturbations may behave differently.
For classification, prediction stability can additionally be measured through

Py = Pr [argmgxfgs‘k(x) * argm]?xfgs,_k (x)].
Alow
Pruip
indicates that the learned decision function remains relatively insensitive to the training perturbation.
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Table 5. Proposed Stability Evaluation Framework

Stability dimension | Metric Desired mathematical behavior
Parameter S Small

Function S¢ Small

Loss S, Small

Prediction Priip Small

Hessian Amax (H) Controlled

GD amplification p=I1—nHI, | <1locally

Gradient variance tr(2)/B Controlled

Generalization $ E[G]

4.5 Hessian Spectrum, Sharpness, and Training Stability
The Hessian matrix
H(6) = V2L(6)
provides a local description of the geometry of the training objective. Its eigenvalue distribution can be
written as
AH) = {21, A2, e, A}
The maximum eigenvalue,

Amax'
is commonly associated with the sharpest local direction. A normalized curvature measure can be defined

as
_ Amax(H)
norm — 1+ 6 "2
The trace provides the aggregate curvature,
P
Tr(H) = ) &,
i=1

while the effective Hessian rank above threshold 7 is

14
r. =Z1(,1i > ).
i=1

NAmax(H) < 2
shows directly why sharp regions can produce unstable optimization when the learning rate is not adjusted

The local GD stability condition

accordingly.
Alocal oscillation factor for an eigen-direction is
q; = 1—-nA.
For
q: <0,

the corresponding parameter component changes sign between consecutive iterations, producing
oscillatory behavior. If

lg; 1> 1,
the oscillation grows rather than decays.
Thus,
-1<1—-mA4; <1
is equivalent to
0<nA <2

Recent theoretical work on unstable convergence confirms that oscillatory transient behavior can arise
naturally in gradient descent rather than necessarily indicating immediate divergence [11].
([papers.nips.cc][2])
For wide networks, the NTK provides an alternative spectral perspective. If
K =UAUT,
then function-space residuals evolve according to
1, = Udiag(e ¢, ..., e UTr,.
Consequently, directions associated with larger eigenvalues converge more rapidly, whereas low-
eigenvalue directions retain residual error for longer periods. The NTK literature identifies this spectral
structure as an important mechanism underlying training dynamics and provides a theoretical connection
between convergence rates and kernel eigenvalues [4].
4.6 Relationship Between Stability and Predictive Robustness
Stability and generalization can be connected through the expected difference between losses obtained
from neighboring datasets. Let
Ai(z) = £(6s,2) — £(B50), 2).
Then
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| E,[4;(2)] I< .
If the loss is L,-Lipschitz with respect to model parameters,
| €(0,2z) —€(0",2) IS L, 160 =8 |l,,
then
B < L{aS;i‘p I s — 85 ;.
)L

Therefore,

parameter stability = loss stability = generalization control

under the required Lipschitz assumptions.
For prediction perturbations,
Ap(x) =l fo(x +6x) = fo(x) Il

and if fj is locally Lipschitz,

Ar(x) < Le |l 6x I
The local input sensitivity can be approximated by

Le(x) =1l Jo () 12,
where Jg(x) is the input Jacobian. Thus,

Il fo(x + 6x) = fo(x) 1=l Jxfo(x)0x II.
This establishes a second stability dimension:
training-data stability # input perturbation stability.

Both are important, but they characterize different properties of a trained neural network.
Recent research continues to extend stability-based analysis to modern training settings. For example,
data-dependent stability analysis has been developed for SGD-based adversarial training, with resulting
bounds connecting training stability and robust generalization [12]. ([sciencedirect.com][5])

Table 6. Integrated Convergence-Stability Analysis

Mathematical quantity | Expression Role

Empirical risk L£(8) Training objective

Population risk R(O) Expected predictive performance
Optimization gap L(O) - L Measures convergence
Generalization gap R(O7) — L(O7) | Measures generalization

Hessian curvature Anax(H) Controls local stability
Learning-rate factor NAmax (H) Determines GD stability regime
Gradient variance d%/B Controls stochastic fluctuations
Parameter perturbation Il 65— O |l Measures algorithmic sensitivity
Function perturbation I fs—fs Measures predictive sensitivity
NTK spectrum {2:(K)} Determines function-space convergence
Stability coefficient B Bounds algorithmic sensitivity
Condition number K = Apmax/Amin | Measures optimization difficulty

The combined analysis demonstrates that convergence and stability are governed by overlapping
mathematical quantities. The Hessian spectrum determines local contraction and oscillation, the learning
rate controls the magnitude of parameter updates, stochastic-gradient variance determines the magnitude
of training fluctuations, and the NTK spectrum characterizes function-space convergence in wide-network
regimes. Consequently, a theoretically meaningful assessment of deep-learning training should not rely
exclusively on final training loss. It should simultaneously examine optimization error, curvature, gradient
variance, parameter sensitivity, functional sensitivity, and spectral conditioning. Recent work extending
beyond fixed-kernel NTK theory also emphasizes the importance of feature learning, indicating that a
complete mathematical theory must eventually account for evolving representations rather than treating
the kernel as permanently fixed. Cross-domain evidence from Al-assisted clinical imaging also shows that
predictive performance can vary with dataset quality, labeling methods, validation strategies, and external
validation, reinforcing the importance of rigorous evaluation when assessing the generalization of deep-
learning systems [13].

5. Generalization Analysis and Theoretical Bounds

5.1 Empirical Risk, Population Risk, and Generalization Gap

The central statistical objective of deep learning is to minimize the difference between training
performance and expected performance on unseen observations. Let the empirical risk be

" 1%
Ru(0) == > £ (o, )

while the population risk is
R(0) = Exy)~p[£(fo (XD, ¥)].
The generalization gap is
G (0) = R(6) — R,(6).
For a trained model 6,
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Gr =R(6r) — ﬁn(gr)-
The total prediction error can therefore be represented as
R(QT) - R(G*) =Gr+ [R\n(gT) - R\n(e*)] + [R(G*) - R(GBayes)]-
The three components respectively represent generalization error, optimization/estimation error, and
irreducible approximation or Bayes error.
For bounded loss,
0<4(fo(x),y) <M,
Hoeffding's inequality provides
Pr(I R(8) — Ry(6) I> €) < 2e72n€*/M?
for a fixed hypothesis. Consequently,
> M log(2/6)
2n
with probability at least 1 — &.
However, this fixed-model result is inadequate for modern deep learning because 6 is selected using the
same dataset. Generalization analysis therefore requires complexity- or algorithm-dependent bounds.
The empirical observation that highly overparameterized neural networks can simultaneously interpolate
training data and maintain low test error has motivated theories involving implicit regularization, benign
overfitting, and optimization-dependent generalization [14]. Recent analyses also indicate that
overparameterization can affect generalization differently through width and depth, with SGD bias and
architectural bias contributing differently to the resulting behavior [16]. ([AAAI Publications][1])
5.2 Rademacher Complexity and Capacity-Based Bounds

Let F denote the function class represented by a neural-network architecture. The empirical Rademacher
complexity is

_ 1
R (F) = E, [sup =) f(xl-)l,
fer N
where
o; € {—1,+1}
are independent Rademacher variables.
For an L,-Lipschitz loss bounded by M, a representative generalization bound is

R(f) < R, (f) + 2L, R, (F) + M /w

with probability atleast 1 — &.

The bound demonstrates that generalization is controlled by both empirical performance and effective

function-class complexity.

For neural networks, a parameter-count-only interpretation can be overly conservative. A network with
p1 > P2

does not necessarily have greater effective complexity than another network simply because it contains

more parameters. Weight norms, spectral norms, margins, depth, and the structure of the learned

representation can significantly influence the functional capacity.

A simplified norm-based complexity measure can be written as

L
Crorm = | | W i,
=1

where || W, I, is the spectral norm of the /-th weight matrix.
A corresponding complexity-sensitive bound can be represented schematically as

R(f) < ﬁn(f) + Cnorm l’U({Wl}’ {ml}' L)’

Vn

where ¥ contains architecture- and margin-dependent terms. Spectral-normalization-based margin theory
established the importance of such quantities for analyzing neural-network generalization [3].
5.3 Margin-Based and Norm-Based Generalization
For a classifier producing logits

fo(x) = [f1 (), ., fe ()],

the classification margin for sample i is
i = fy.(x) — maxf,(x;).

Yi fyl( l) k#yifk( l)

The minimum training margin is
Ymin = I;lilglyi-
A positive margin,
Ymin > 0,

indicates perfect classification of the training observations.
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A normalized margin can be expressed as
S Ymin
" won
A representative margin-based generalization relationship is
= Cspectral)
R(f) = — )
) Ry(f)+0( i
where I?y is the empirical margin error and Cgpectrq; represents the spectral complexity of the network.
This relationship produces an important theoretical interpretation:
y T = potentially tighter generalization bound,
while

1_[ W, I, = greater functional complexity.
!

The relevant quantity is therefore not simply the number of parameters but the ratio between predictive
margin and effective network complexity.

Table 7. Generalization Indicators for Deep Neural Networks

Indicator Mathematical measure | Theoretical interpretation
Training risk R, Empirical fitting
Population risk R Expected predictive error
Generalization gap G=R-R, Train-test discrepancy
Margin Ymin Classification confidence
Spectral complexity 1_[ AP Functional complexity

L
Rademacher complexity R, (F) Data-dependent capacity
Parameter ratio p/n Degree of overparameterization
Stability B Algorithm-dependent generalization
Hessian sharpness Amax(H) Local loss curvature

5.4 PAC-Bayesian Generalization Analysis
PAC-Bayesian theory provides another framework for studying generalization by considering distributions
over model parameters rather than a single deterministic parameter vector.
Let Q denote a posterior distribution over parameters and P a prior distribution independent of the
training sample. The Kullback-Leibler divergence is

D (Q Il P) =E [lo Q)

KL o~ |09 PO

A representative PAC-Bayes bound takes the form

Dk, (Q Il P) + log <¥)

R@Q) < Ry(@ + — .

Here,
R(Q) = Eg-[R(6)]

and

ﬁn(Q) = [E9~Q [ﬁn(e)]
The resulting generalization gap is therefore controlled by

D (Q Il P) +1log(1/6)
" :

Gpac =

This framework is particularly relevant to deep learning because it permits analysis of stochastic
parameter distributions and can incorporate information concerning parameter perturbations around a
trained solution.

If
Q= N(GT:ZQ)
and
P = N(0,5p),
the KL divergence has a closed-form expression involving parameter magnitude and covariance:
Des(Q Il P) = 2 |er(515y) + 075710, — p + log 2oEoF
ki (Q )—2 r(2Zp Q) T«p Ur —Pp OgdetZQ'

This formulation demonstrates how both parameter norms and local uncertainty can contribute to a
generalization bound.

5.5 Neural Tangent Kernel, Double Descent, and Overparameterization

In the NTK regime, the training dynamics can be represented through
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K=J,
where ] is the network Jacobian with respect to the trainable parameters.
For kernel regression, the predictor can be represented approximately as
f(x) =K, X)[K(X,X) + Al Yy,
For ridgeless interpolation,
A-0,
giving
fO) =K@ X)KX,X)y
when the kernel matrix is invertible.
The eigenvalue decomposition

K =U0AU"
gives
K1=UAUT,
where
A = di (1 1)
= diag )
Consequently, small eigenvalues can strongly amplify noise:
1
AL = =1
i /11_

This provides one mathematical mechanism through which interpolation and generalization can coexist or
fail depending on the spectral structure of the data and kernel.

The parameter-to-sample ratio

Y=
can be used to characterize the overparameterization regime. A simplified double-descent representation
is

Etest (V) = Eo + Epias(¥) + Evariance (V)

with a potentially pronounced peak near an interpolation threshold

Y = Ve
Beyond the interpolation threshold, the variance term may decrease under particular data and model
assumptions:

Y >Ye = Etest ‘L

in regimes where benign overfitting or double descent occurs.
Recent theoretical work on realistic kernel-regression settings provides explicit excess-risk and time-
dependent bounds, including implications for neural networks operating in kernel regimes [19].
Theoretical and empirical research also indicates that width and depth can affect generalization differently.
Increasing width can improve generalization in certain low-sample regimes through the implicit bias of
SGD, whereas increasing depth can introduce distinct architectural effects [15].

Table 8. Analytical Generalization Behavior with Increasing Overparameterization

Parameter-to-sample Typical theoretical

ratioy = p/n Training error regime Generalization behavior

0.25 Moderate Underparameterized Bias-dominated

0.50 Low Classical fitting Bias decreasing

0.75 Very low Near interpolation Variance increasing

1.00 Approximately Interpolation threshold Potential peak
Zero

2.00 Approximately Overparameterized Possible variance reduction
Zero

5.00 Approximately Strong Potential benign-overfitting
Zero overparameterization regime

10.00 Approximately Highly Strongly architecture/data
Zero overparameterized dependent

The numerical values in Table 8 represent analytical regime markers rather than universal empirical
constants. The important mathematical relationship is the transition around the interpolation threshold
and the fact that generalization need not deteriorate monotonically as p/n increases.
5.6 Implicit Regularization and Generalization
Suppose the interpolating solution set is

Oine = {6: R, (6) = 0}.
When

| O 1> 1,

the optimization algorithm effectively selects one member of this set.
A general implicit-selection formulation is
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O¢p = argerg@igtﬂ @),
where 0(0) represents an implicit complexity measure induced by architecture and optimization.
For linear models under certain conditions, gradient descent can select minimum-norm solutions. For
nonlinear neural networks, the corresponding implicit regularizer can be considerably more complex and
may depend on parameterization, architecture, initialization, and optimization dynamics.
A general effective-complexity formulation is
Cerr = C(6r,Hr, J7, K1, D),
where Cess incorporates parameter norms, curvature, Jacobian structure, kernel spectrum, and data
geometry.
The resulting conceptual generalization relationship becomes
GT ~ d)(ceff' ny, ﬁ! Ymargin):
where @ represents the relevant theoretical dependence.
Recent work on overparameterized neural networks supports the importance of SGD-induced bias in
explaining width-related generalization behavior, while architecture can produce distinct effects as depth
increases [15].

6. Integrated Mathematical Framework and Discussion

6.1 Relationship Among Convergence, Stability, and Generalization

The three central properties can be represented through the following mathematical chain:
|Optimization Dynamics — Convergence — Solution Geometry — Stability — Generalization

For a trained model,
QT = c}q(eo, D, n, B, T).

The final population risk can therefore be represented as

R(67) = R[A(6y,D,n,B,T)].
Consequently,

R(6r) = R, (0r) + G(O7).

The optimization contribution satisfies approximately

Eope(T) = Ry (67) — Ry (67),
while stability determines the sensitivity

Saig = sup Il A(S) — A(S") II.

s.s!

The integrated objective can therefore be formulated as
in|E MG+ 2,844,
ZnBl,?%[ opt + 1 + 2 alg]

where 4, 4, = 0 represent analytical weighting coefficients.
6.2 Optimization Trajectory and Implicit Regularization
The training trajectory can be represented as
Or ={6y,04,...,07}.
Rather than considering only the final point 6, the entire trajectory can be characterized by

T-1

— 2

Corag = ) 10041 = 0, I
t=0

Using the GD update,
01 — 0 = —1VL(6y),
we obtain
T-1

Corag = ) 18 I VL(6) 1.
t=0

A second trajectory measure is
T-1
Viraj = Z 1641 — 260, + 6,1 113,
t=0
which measures changes in optimization direction.
These quantities provide potential measures of optimization complexity beyond the final training loss.
6.3 Spectral Conditions Governing Training Dynamics
The Hessian and NTK provide complementary spectral descriptions:
H, = VBZL(et),
K = ]t]tT-
The Hessian primarily characterizes parameter-space curvature, while the NTK characterizes function-
space sensitivity.
A combined spectral condition can be defined as
Amax(K¢)
Yo = Nedmax(He) + =5+
T T () +
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Alarge value of

Ve
indicates simultaneous high parameter curvature and poor function-space conditioning.
The two condition numbers are

., = Amax(D)
A;Fnin (H) '
and
¢ = Fmax(®)
A;Fnin (K)

The combined conditioning indicator is
Kcombined = KnKk-
This provides a useful conceptual framework for studying why some networks converge rapidly in certain
directions but slowly in others.
6.4 Theoretical Deep-Learning Performance Framework
A unified quantitative framework can be expressed through six normalized indicators:

C3 = -

C, = Ymargin
4 = -

Ymargin t+e
1

Cs=——"7""—",
T 1 +log(1+ ky)

and
1

1+ log(1+ ky)
An integrated theoretical index can then be expressed as

6
Ip, = z w; Gj,
=

Ce

subject to

For equal weighting,

giving

6
1
IDL = gz C]
j=1

This index is useful as an analytical framework for comparing training configurations, provided that all
quantities are calculated consistently.
Table 9. Integrated Mathematical Assessment Framework

Dimension Indicator Mathematical quantity | Desired direction
Convergence Optimization error Eopt Decrease
Stability Algorithmic sensitivity B Decrease
Generalization Generalization gap G Decrease
Margin Normalized margin f/ Increase
Curvature Hessian condition Ky Decrease
Function geometry NTK condition 9% Decrease
Complexity Spectral norm product 1_[ AR Controlled

L
Stochasticity Gradient variance d*/B Controlled
Overparameterization | Parameter ratio p/n Task dependent

6.5 Theoretical Implications for Deep Neural-Network Design
The mathematical analysis indicates that a deep neural network should not be evaluated solely through
parameter count or final training accuracy. A more informative design objective is

mein[Rn(B) + AcCop (8) + AsS(0)],
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where

Cers
represents effective functional complexity and
S(0)
represents sensitivity.
Regularization mechanisms can be represented through
Lyeg = L+ A02(6).
For weight decay,

1 2
2(0) =5 1615

L
Dupec = ) MW, I
=1

For sharpness-aware optimization, a local robust objective can be expressed as
Loap(6) = max L(8 + €).
lellz<p

For spectral regularization,

Its first-order approximation is
Lsap(0) = L(6) +p 1 VL(O) Il,.
Sharpness-aware analysis has established an explicit relationship between step size and the edge-of-
stability curvature, with the GD Hessian operator norm often approaching approximately 2/7n in the
analyzed training regime [17].
Recent theoretical work further indicates that overparameterization can materially influence sharpness-
aware optimization and its convergence properties, reinforcing the importance of considering model width
and solution geometry jointly [18].
6.6 Limitations and Future Mathematical Directions
Despite considerable progress, no single existing theory completely explains realistic deep-learning
behavior. Most mathematical results depend on assumptions concerning smoothness, width, data
distributions, activation functions, boundedness, kernel stability, or local convexity. The NTK framework
provides powerful results but can become less representative when feature learning dominates. Stability
theory provides algorithm-dependent guarantees but may produce conservative bounds. Capacity-based
bounds can also be substantially looser than observed test performance.
An important future direction is therefore the development of a dynamic theoretical framework,
Ipr = F(He, Kes Je) Brs Ve Cr),
where all major quantities evolve during training.
The time-dependent generalization gap can then be written as
G(t) = R(6¢) — Rn (6.
Similarly,
B: = Stability(A,),

K, = Amax (Ht).
‘ A:-nin (Ht)
This dynamic formulation can potentially explain phenomena that static theories cannot capture, including
late-training generalization improvement, grokking, double descent, edge-of-stability behavior, and
changes in implicit regularization. Recent theoretical studies continue to show that convergence and
generalization in overparameterized networks can be analyzed through more realistic assumptions than
those used in early asymptotic theories [16].

and

7. Conclusion

The mathematical analysis establishes that deep-learning performance emerges from the interaction of
optimization, stability, and statistical generalization rather than from model size alone. Convergence is
governed by learning rate, smoothness, Hessian spectra, stochastic-gradient variance, and function-space
conditioning. Stability depends on perturbation propagation, curvature, batch size, and optimization
dynamics. Generalization is influenced by margins, spectral complexity, algorithmic stability, implicit
regularization, and overparameterization. The resulting framework demonstrates that low training error
is insufficient as a theoretical criterion. A reliable deep-learning model should simultaneously exhibit
controlled optimization dynamics, bounded sensitivity, favorable spectral structure, and a small
generalization gap. These foundations provide a mathematical basis for designing stable, scalable, and
theoretically interpretable deep-learning systems.
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