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Abstract

Modern distributed computing environments, including cloud platforms, data centers, communication networks, web
servers and edge computing systems, frequently operate under dynamic workloads, limited processing capacity, transient
congestion and delay-sensitive task behavior. This paper presents a transient analysis of a finite-capacity M/M/1 Jackson-
type queueing network with impatient tasks for modelling multi-node computer systems. The proposed network consists of
two distributed processing nodes connected to a central server. Tasks enter the system from the outside on different nodes,
are served, possibly routed to the central server or leave the system because of impatience by balking and reneging processes.
The transient state probabilities are developed by Kolmogorov forward differential equations and computed numerically
through forth order Runge-Kutta approximation, which is programmed in MATLAB. The performance of the node-wise and
central-server is measured in terms of expected buffer occupancy, mean processing delay, congestion level and propagation
of workloads. The graphical results show progressive workload accumulation during the transient period, with increasing
buffer occupancy and processing delay as the system evolves. The central server has the greatest congestion due to the fact
that it receives the external arrivals as well as the tasks that are routed from the distributed nodes, and thus is the main
congestion point of the network. Sensitivity analysis suggests that an increase in the arrival rate and the routing probabilities
will lead to an increase in congestion and delay, while an increase in service rates will lead to an improvement in processing
efficiency and a decrease in waiting. Balking and reneging shorten the length of queues and delay, but are task loss in delay-
sensitive applications. The proposed model would be a convenient analytical tool for transient congestion, resource
allocation, bottleneck identification and service performance in multi-node computer networks.

Keyword: Distributed computing, Jackson-type queueing network, transient analysis, task abandonment, balking and reneging, Runge-Kutta method,
congestion control.
—

Introduction

Queueing networks are important tools for modelling distributed computing systems, cloud infrastructures, web
servers, edge computing systems, Internet of Things (IoT) architectures, and packet-switched communication
networks in contemporary applications of computers in science. In such cases, the requests from users may come
dynamically and face delays because of congestion, limited processing power, or temporary overload situations. If
the time-sensitive requests have to wait too long, they may reject the system, causing task drop, timeout, and
decreasing Quality of Service (QoS). Hence, a transient queueing analysis is necessary to analyze the short-term
system behaviour and help manage the computational system resources.

The queueing theory has evolved to be a significant approach to the modelling and performance analysis of
contemporary computer systems, communication networks, cloud infrastructures and distributed processing
systems. Jackson did the foundation work that led to the product-form solution for open queueing networks,
allowing for tractable analysis of interconnected service nodes with probabilistic routing [1]. Kelly then extended
these ideas to stochastic network reversibility, which greatly deepened the theory of studying large scale
distributed systems [2,3].
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Queueing networks are widely used in computer science and communication engineering to model various
systems, such as packet-switched networks, Web servers, cloud data centres, edge computing systems, and
distributed architectures. Congestion control and packet routing were the focus of the application of queueing
models to data communication networks discussed by Bertsekas and Gallager [4]. Harchol-Balter presented a
comprehensive modeling of computer systems performance using queueing theory, especially for the server
scheduling, workload balancing and resource allocation in distributed computing environments [5].

With the dynamic nature of modern computational workloads, transient behaviour in queueing systems has
received much attention. Transient analysis can detect congestion, workload variations, and transient overloads
that are typical of real time computing applications that are not detected by steady state analysis. Markovian
queues were analysed by Abate and Whitt by transient analysis based on Laplace transforms [6] and time-
dependent characteristics were analysed by Neuts using matrix-geometric techniques [7]. These techniques are
useful for assessing delay sensitive computer networks and communications systems.

In computer-oriented applications, requests might abandon the system when they are delayed too much and this
behaviour is known as 'reneging' and the customer impatience is represented by 'balking'. Garnett et al.
investigated impatient customers in a call centre system and showed its effect on the system performance [8].
Later, Zeltyn and Mandelbaum analysed the M/M/n+G queue with abandonment and highlighted its importance
in service engineering and communication systems [9]. Bu continued his study of transient analysis of impatient
queues, and presented mathematical expressions for transient state probabilities [10].

Queueing models in cloud computing and distributed systems have been studied by several researchers. Dey
introduced communication related queueing models for networked systems [11] and Rao and Srinivasan studied
the queueing behavior of e-governance service platforms with dynamically varying workloads [12]. Ross [13] and
Shortle et al. [14] underlined the importance of queueing models in computer networks, distributed processing
and performance optimization. The transient queueing systems with catastrophes, vacations, retrial mechanisms
and impatience behaviour are also recent topics of study. Sudhesh et al. studied the transient behaviour of queues
of M/M/1 type with customer impatience and heterogeneous services [15] and Sharma et al. presented a survey
of impatience based queueing models and its applications in modern service systems [16]. But the present papers
are mostly concerned with single-node system and steady-state behavior and few papers have been given
attention to transient analysis of interconnected Jackson-type computer networks with impatience characteristics.

Although cloud computing and distributed servers and real-time communication systems are gaining in
significance, transient queueing analysis of multi-node computer networks with request abandonment is relatively
little developed. A transient overload, a congestion of packets, a timeout of a task, or a delay in a routing path have
great impact on Quality of Service and the reliability of the system in practical computing environments. Hence, an
analytical framework should be developed that is able to model short term workload dynamics in interconnected
computing systems

To address these problems, the present work proposes a transient M/M/1 Jackson-type queueing network with
impatience for modelling distributed computing and communication system. The behaviour of routing, request
abandonment, and transient congestion analysis are integrated into the proposed framework, which is used to
analyse performance metrics like expected queue lengths, waiting times and propagation of workloads between
interconnected service nodes.

In this study, we set up and study the transient behaviour of an impatient M/M/1 Jackson-type network. There are
three contributions to this study. First, the governing Kolmogorov forward equations for transient state
probabilities of the system are obtained. Second, numerical approximations of the time-dependent performance
measures, such as buffer occupancies and processing delays at each node and at the central server, are obtained
using the Runge-Kutta method in MATLAB, and are tractable. Third, sensitivity analysis is conducted to investigate
the effect of various arrival rates, service rates, routing probabilities, balking parameters and reneging parameters
on queue dynamics.

The proposed model can be applied to many delay-sensitive computing systems, such as cloud computing, packet-
switched networks, web servers, distributed processing architectures, and more. The inclusion of transient
behaviour and task abandonment leads to more realistic evaluation of the short-term congestion, and to better
service efficiency in multi-node computer networks.
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Model Description

We considered the Transient Analysis of Jackson type Network Queue consists of two nodes and one Central Server
with Task Abandonment as detailed below:

1.
2.

w

v

The capacity of each node as well as Central Server are assumed as S(finite)

The Task Scheduling is allowed from nodes to the Central Server whereas flow from one node to another node
is restricted. Also assumed that customers can directly enter in to Central server queue. The mean arrival rates
atnode-1, node-2 and Central server are assumed to follow Poisson Process with respective mean arrival rates
21,22 and A_3.

The mean service rates for first essential services at node-1, node-2 and Central Server are p_1, u_2 and p_3.
Customers at nodes who want additional service from Central Server can opt with optional probabilities of p_1
and p_2 respectively.

Task Abandonment is characterized by two sets of parameters: the balking parameters

(1-b1), (1-b2) and (1-b3) representing the probabilities that a customer declines to join the queues of node-1,
node-2 and Central server; and the reneging parameters & 1,6 2 and §_3, representing the rate at which
customers abandon the respective queues after waiting.

With the above assumptions and parameter definitions, an infinitesimal generator matrix Q is obtained from
derived Kolmogorov forward equations (In order to describe how the state probabilities evolve over time given in
appendix.) as follows:

Infinitesimal Generator Matrix Q Formulation

Let

X (@) = {N1(8), N (), N3 ()}

denote the state of the system at time t, where N1(t), N2(t), and N3(t) represent the number of tasks at Node-1,
Node-2, and the Central Server, respectively. Since the capacity of each service station is finite,

0 <N, N, N; <S.

The state space of the system is defined as

Q={)k):0=<1ijk=<S}

with cardinality

Q1= (S + 1)3.

Define

P() =[P, jx(®D]jrea-

denote the transient probability vector of the system. Then, the transient behaviour of the
system is governed by the Kolmogorov forward equation

dP(t)

BPTEE P()Q

where

Q= [q(i.j,k),(r,s,z)]

isan (S + 1)% x (S + 1)3infinitesimal generator matrix.

Structure of Q
The generator matrix Q has a block tridiagonal structure with respect to the Central Server population level k, and
can be written as

Dy A9 O 0 - 0
B, D, A, 0 - 0

Q=|o B, D, 4, - 0

0 0 0 Bs Ds

where each block is of dimension
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S+12x(S+1)>2
Here
e A _k: transitions increasing the Central Server population (k—k+1)
e B_k: transitions decreasing the Central Server population (k—k-1)
e D _k: transitions within the same Central Server level k

Generic Matrix Elements
For any state (i, j, k) € (), the non-zero off-diagonal elements of Q are defined as follows.

External Arrivals
4i,j o (i+1,,k) = A1b1, i<
qajiGjrk) = A2b  J<S
4i,j ko) (i,jk+1) = A3bs, k<S

Service Completions and Reneging at Node-1

Fori =1, a task may leave Node-1 after service completion without routing to the Central server. In addition, if i >
2, waiting tasks may abandon the queue due to reneging.

Therefore,

daijio -1 = A =—pdm + (0 — D E,i =1
When i =1, the reneging term becomes zero.

Service Completions and Reneging at Node-2
Similarly, for Node-2,

daijinGi-10 = A =pd + (-1 &,  j =21
When j = 1, the reneging term becomes zero.

Service Completions and Reneging at the Central Server
For the Central Server,

Ao jk-1) = U3 + (K—1) &3, k=1
When k = 1, the reneging term becomes zero.

Routing from Nodes to the Central Server
After service completion at Node-1, a task may be routed to the Central Server with probability p1. Therefore,

Aeijioi-1,jk+1) = Pl 1 = 1L,k < S.

Similarly, after service completion at Node-2, a task may be routed to the Central Server with probability p2.
Therefore,

deijio(ij-1k+1) = P2lay ] = Lk < S.

Diagonal Elements
The diagonal elements of the infinitesimal generator matrix are defined as the negative sum of all transition rates
out of the state (i, j, k). Thus,

AG.jk).ik) = — Z A(i,jk). (s
(r,s,0)=(i,j,k)

All other elements of Q are zero. This construction ensures that each row of the generator matrix sums to zero,
which is required for a valid continuous-time Markov chain representation of the finite-capacity queueing
network.

Performance Measures

Some Queueing constants that are calculated to forecast the system through Runge-Kutta method of order 4(RK4)
are listed below:

Expected lengths of the Node-1, Node-2 and Central Server (L_N1”((t) ),L_LN2”((t) ) and L_HO”"((t) )) where,
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@® ® ®)
Ly; Ly, Lyo
S S S S S S S S S
) _ . () ) _ . (t) ® _ ®)
Ly = Z Z Z ik Ly, = Z Z Z]pi,j,k Lyo = Z Z Z kp;
i=0 j=0 k=0 i=0 j=0 k=0 i=0 j=0 k=0

2. Mean Processing Delays at Node-1, Node-2 and Central server are represented as (Wlf,tl),Wlfltz) and Wé%)and are
given as

@® ®) (t)
Wyi Wy, Who)
LN, (t LN, (t LN, (t
WI\E? 1 () Wl\g) »(t) WH(g) _ 2(t)
A1by Azby Asbs + pipy + pai;

Observation and Results and Discussion

Since an analytical solution is not tractable for the considered finite-capacity network with routing and impatience,
the resulting system of ordinary differential equations is solved numerically using the fourth-order Runge-Kutta
(RK4) method in MATLAB. The computed transient probabilities are subsequently used to evaluate the expected
queue lengths and mean waiting times.

The transient state probabilities were updated by using Runge-Kutta method of order 4 with time step size of
0.5(At=0.5), truncation error of O(At"4) and convergence tolerance of 10" (-6).

The traffic intensities for stability of the model are defined as

Traffic intensities Formula
@ ) Ayby 0<i
i )= - 0<i<s
P P F -+ g
) 0) b 0<j<
= - ;0<j<s
P2 T e
Asbs + D1y + P2ty
k k) = ;0<k<s
p3( ) p3( ) ”3+(k_1)*23

For the numerical illustrations, the values for all the model parameters are chosen which satisfy the traffic
intensity conditions are given below:

$=3, =0.01, 12=0.02, 3=0.03, 11=0.02, 12=0.04, p3=0.05, £1=0.001, £2=0.002, £3=0.003, b1=0.5, b>=0.6, b3=0.7,
p1=0.001 and p2=0.002

We have studied the model in four different scenarios [I-IV] to explore various patterns of queue constants, where
Scenario-I shows the general behaviour of queue constants over time and Scenarios II-1V deal sensitivity analysis
of various parameters in different cases.
They are detailed in the following tables:

Scenario Assumption Objective

To know the general behaviour of queue
dynamics over time

To know the influence of change in
parameter at nodes on system dynamics

over time i.e., nodes Vs Central Server.

I All the parameter assumes different values

Each parameter at two nodes is assumed
11 equal values and are different from that of
Central server.
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To know the influence of change in

All the parameters of each of the nodes are parameter at each node on system
changing and keeping other values constant | dynamics over time for each of node-1,
node-2 and Central server.

To know the influence of change in
balking and reneging rates at each node
on system dynamics over time for each of
node-1, node-2 and Central server.

I

Each node’s Task Abandonment parameters
v are changing and keeping other values
constant

The following graphs explain the system behaviour in each of the above cases in a sequential manner:
e Scenario-1
Graph 1: Pattern of mean lengths and Processing Delays of each node and Central Server over different time

instances.
Mean waiting times Expected Mean lengths
&
-

- ” -

- = eseeec® i
e PP, Lo cccchccce@ (B eam o T ccccceoecccecccd
0.5 1 1.5 2 0.5 1 1.5 2

Time Instances Time Instances
cec@ee WN| amnd @ WN? emtmms WHO 0e00ee| ]\ emtmw|)\) emime|[{O

Interpretation: Over a time duration from 0.5-2, it is observed that,
» The mean Buffer Occupancies are increasing at all the 2 nodes and Central Server.
» The mean Processing Delays are increasing at all the 2 nodes and Central Server.

Discussion: Graph 1 shows that the expected mean buffer Occupancies and mean processing delays at Node-1,
Node-2, and the Central Server increase with time during the transient period. This indicates gradual accumulation
of tasks in the system due to incoming arrivals and internal routing. The Central Server is more congested since it
gets both direct arrivals and tasks that are routed from the two nodes. The growth of waiting time is due to the
growth of the length of the queue, which indicates the direct effect between congestion and processing delay. So,
it can be inferred from Scenario 1 that transient analysis is very important in order to know short term congestion
and to increase the capacity of the services, particularly at the Central Server.

e Scenario-2 (Graph 2 to Graph 10)

Graph 2: Effect of arrival rates at nodes A1 or A2 on mean lengths and Processing Delays of each node and
Central Server
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Effect of 1;, 1, on mean Effect of 1,, 1, on mean
waiting times Lengths

(e

0.010 0.011 0.012 0.013 0.010 0.011 0.012 0.013
—0— N1 o= fp OWYN2 embmm WHO = =@ [N o= b N2 e [ HO

Interpretation: With an increase in 11, 12: it is observed that
» The mean Buffer Occupancies are increasing where they are same at both nodes and different at Central
Server.
» The mean Processing Delays are increasing where they are same at both nodes and different at Central
Server.

Discussion: Graph 2 shows that an increase in the arrival rates A1 and A2 (assume equal) leads to an increase in
expected mean Buffer Occupancies and mean Processing Delays times at Node-1, Node-2, and the Central Server.
This means that more tasks arrive in the system, which leads to an increase in the workload accumulated in the
system. Externally arriving calls to Node-1 and Node-2 are mapped directly, and so the length of the queues
increases as the intensity of the arrivals increases. Also, the Central Server is impacted as some of the completed
work by both nodes is sent to the Central Server for further services. As seen in Graph 2, then, the higher the arrival
rates, the greater the transient congestion and processing delay throughout the network.

Graph 3: Effect of arrival rates at nodes (A3) on mean lengths and Processing Delays of each node and Central
Server

Effect of 2; on mean waiting | Effect of A;0n mean Lengths |
times

e — //

— —

0.02 0.021 0.022 0.023 0.02 0.021 0.022 0.023
/13 2’3

—0— \WN| = @m e /N2 embmm\V[O —0—N| eomelN) emtmm][0

Interpretation: With an increase in A3 it is observed that

» The mean Buffer Occupancies are increasing where they are same at both nodes and different at Central
Server and the rate of increase is more at Central Server than at nodes.

» The mean Processing Delays are increasing where they are same at both nodes and different at Central
Server and the rate of increase is more at Central Server than at nodes.

Discussion: Graph 3 shows the effect of increasing the external arrival rate A3 at the Central Server on mean Buffer
Occupancies and mean Processing Delays. It is observed that both measures increase at Node-1, Node-2, and the
Central Server; however, the rate of increase is higher at the Central Server. This is because the Central Server
receives direct external arrivals through A3 in addition to tasks routed from both nodes. As a result, an increase in
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A3 creates greater workload accumulation and longer processing delays at the Central Server compared with the
individual nodes. Thus, Graph 3 indicates that the Central Server is more sensitive to external traffic changes and
may become the main congestion point in the network.

Graph 4 : Effect of service rates at nodes (11, p2) on mean lengths and Processing Delays of each node and
Central Server

Effect of p; p, on mean Effect of p; p, on mean
waiting times Lengths

0.02 0.021 0.022 0.023 0.02 0.021 0.022 0.023
T
—— A1 2 gm e W2 b
=\ HO @[N] @ @» o N2 emmgmm [ HO

Interpretation: With an increase in p1, p2 (assume equal); it is observed that
» The mean Buffer Occupancies are decreasing where they are same at both nodes and different at Central
Server.
» The mean Processing Delays are decreasing where they are same at both nodes and different at Central
Server.

Discussion: Graph 4 shows the effect of increasing service rates pl and p2 (assume equal) on mean Buffer
Occupancies and mean Processing Delays. It is observed that both Buffer Occupancies and Processing Delays
decrease at Node-1, Node-2, and the Central Server. This indicates that higher service rates at the nodes improve
the processing of incoming tasks and reduce workload accumulation in the system. The trends of both nodes are
almost same since the nodes parameter settings are similar; the Central Server has a different trend because of the
routed tasks received from nodes. Thus, increasing pul and p2 helps in reducing transient congestion and
improving overall system efficiency.

Graph 5: Effect of service rates at node pu3 on mean lengths and Processing Delays of each node and Central

Server.
Effect of p; on mean waiting Effect of p; on mean Lengths
times
S
b & &
0.03 0.031 0.032 0.033 0.03 0.031 0.032 0.033
M3 Hs

= \\/N]1 «» @» o\\/N2 em@ue\\/HO e | N] e»@w e[ N? emOms| HO
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Interpretation: With an increase in u3, it is observed that

» The Mean Buffer Occupancies at Node-1 and Node-2 remain almost unchanged, while the Mean Buffer
Occupancy at the Central Server shows a slight decrease. This indicates that increasing the service rate of
the Central Server mainly reduces workload accumulation at the Central Server, but it has very little effect
on both nodes.

» The Mean Processing Delays at Node-1 and Node-2 remain nearly constant. At the Central Server, the Mean
Processing Delay shows decrease with an increase in p3. Therefore, increasing p3 helps improve service
efficiency mainly at the Central Server and reduces congestion and delay at that point.

Discussion: Graph 5 shows that increasing the service rate p3 mainly affects the Central Server. The Mean Buffer
Occupancies and Mean Processing Delays at Node-1 and Node-2 remain almost unchanged, showing that the
change in u3 has very little effect on the two nodes. At the Central Server, both Mean Buffer Occupancy and Mean
Processing Delay show a slight decrease, indicating improved service efficiency. Thus, increasing p3 helps reduce
congestion and delay mainly at the Central Server.

Graph 6: Effect of Balking at nodes (1-b1, 1-b2) on mean lengths and Processing Delays of each node and Central

Server
Effect of (1-b,) or (1-b,) Effect of (1-b,) or (1-b,)
on mean waiting times on mean Lengths
0.5 0.51 0.52 0.53 0.5 0.51 0.52 0.53
(1-b,) or (1-b,) (1-b,) or (1-b,)
=@ \\/N] a» @» o \\/N2 em@mm\\/HO e | N1 - 0»e|\2

Interpretation: With an increase in (1-b1) or (1- b2) (assume equal) which are assumed same, it is observed that

» The mean Buffer Occupancies are decreasing where they are same at both nodes and different at Central
Server.

» The mean Processing Delays are decreasing where they are same at both nodes and different at Central
Server.

Discussion: Graph 6 shows the effect of increasing (1-b1) or (1- b2) on Mean Buffer Occupancies and Mean
Processing Delays. It is observed that both measures decrease at Node-1, Node-2, and the Central Server. The
trends at both nodes are almost the same, while the Central Server shows a different pattern due to the additional
routed workload from the nodes. This indicates that changes in the balking-related parameters help reduce task
accumulation and processing delay in the system. Thus, Graph 6 suggests that controlling task entry behaviour can
improve transient congestion and overall system performance.

Effect of 1-b; on mean waiting Effect of 1-b; on mean Lengths
times
0.4 0.41 0.42 0.43 0.4 041 0.42 0.43
1-b, 1-b,
@ WN]| o= @e WN2 emm@ue \WHO === N] =@ [N? e=m@me]HO
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Graph 7: Effect of Balking at central server 1-b3 on mean lengths and Processing Delays of each node and
Central Server

Interpretation: With an increase in 1-b3 it is observed that

» The Mean Buffer Occupancy at the Central Server shows a noticeable decrease, while the Mean Buffer
Occupancies at Node-1 and Node-2 remain almost the same. This indicates that the change in 1-b3 mainly
affects the Central Server and has very little influence on the two nodes.

» The Mean Processing Delay at the Central Server decreases with an increase in 1-b3, whereas the Mean
Processing Delays at Node-1 and Node-2 remain nearly unchanged. Therefore, Graph 7 shows that the effect
of 1-b3 is mainly observed at the Central Server, where both workload accumulation and processing delay
are reduced.

Discussion: Graph 7 shows that increasing 1-b3 mainly affects the Central Server. The Mean Buffer Occupancies
and Mean Processing Delays at Node-1 and Node-2 remain almost unchanged, indicating that this parameter has
very little effect on the two nodes. At the Central Server, both Mean Buffer Occupancy and Mean Processing Delay
decrease, showing reduced workload accumulation and improved processing efficiency. Thus, Graph 7 highlights
that changes in 1-b3 are more important for controlling congestion and delay at the Central Server.

Graph 8 : Effect of reneging at nodes &1 and §2 on mean lengths and Processing Delays of each node and Central

Server
Effect of &, &, on mean waiting Effect of ; €, on mean Lengths r
times
0.001 0.0011 0.0012 0.0013
8.8z
0.001 0.0011 0.0012 0.0013
SRS
=@=—\WN] =@= WN2 e==@==WHO =@=—=|N|] =@= N2 e=@ms]HO

Interpretation: With an increase in §1, § 2 (assumed same) it is observed that
» The mean Buffer Occupancies are decreasing where they are same at both nodes and different at Central
Server.
» The mean Processing Delays are decreasing where they are same at both nodes and different at Central
Server.
Discussion: Graph 8 shows the effect of increasing reneging rates §1, and § 2 on Mean Buffer Occupancies and
Mean Processing Delays. It is observed that both measures decrease at Node-1, Node-2, and the Central Server.
This means that more waiting tasks exit the system before they are served as reneging increases, thus less
workload has to be accumulated, and delay in the processing decreases. The trends at both nodes are same, while
the Central Server shows a different pattern due to additional routed tasks from the nodes. As depicted in Graph
8, reneging will make the system less congested, but it can also be interpreted as a loss of tasks in delay sensitive
computing systems.

Graph 9: Effect of reneging at Central server &3 on mean lengths and Processing Delays of each node and Central
Server.
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Effect of §; on mean waiting |Effect of &; on mean Lengths
times

@ -cccsccc@ecccoccc@cocfoos@® | RIS Y P T |
0.001 0.0015 0.002 0.0025 0.001 0.0015 0.002 0.0025
& &
co@ee WN| em=@ue WN2 emm@mm\\/HO ee@ee [N| emd e[ N) emims|[HO

Interpretation: With an increase in &3 it is observed that

» The Mean Buffer Occupancy at the Central Server decreases, while the Mean Buffer Occupancies at Node-1
and Node-2 remain almost unchanged. This shows that £3 mainly affects the Central Server, because it
represents the abandonment rate of waiting tasks at the Central Server.

» The Mean Processing Delay at the Central Server decreases slightly with an increase in 3, whereas the Mean
Processing Delays at Node-1 and Node-2 remain nearly constant. This indicates that higher reneging at the
Central Server reduces workload accumulation and delay at the Central Server, but it has very little effect on
the two nodes.

Discussion: Graph 9 shows that increasing the reneging rate £€3 mainly affects the Central Server. The Mean Buffer
Occupancies and Mean Processing Delays at Node-1 and Node-2 remain almost unchanged, while both measures
decrease slightly at the Central Server. This indicates that higher reneging at the Central Server reduces workload
accumulation and processing delay at that point. Thus, Graph 9 highlights that £3, helps control congestion mainly
at the Central Server, with very little effect on the two nodes.

Graph 10 : Effect of probabilities at nodes P1 and P2 on mean lengths and Processing Delays of each node and
Central Server

Effect of P1, P2 on mean Effect of P,, P, on mean
waiting times Lengths
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Interpretation: With an increase in P1, P2 ; it is observed that
» The mean Buffer Occupancies are increasing at all the three stations, but equal at node 1 and node 2.
» The mean Processing Delays are increasing at all the three stations, but equal at node 1 and node 2

Discussion: Graph 10 shows the effect of increasing routing probabilities (P1) and (P2) on Mean Buffer
Occupancies and Mean Processing Delays. It is observed that both measures increase at Node-1, Node-2, and the
Central Server. This indicates that higher routing probabilities send more tasks from the nodes to the Central
Server, increasing the overall workload in the network. The trend at Node-1 and Node-2 are same, at Central Server
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there is a different trend as this server gets more routed tasks. Therefore, as can be seen in Graph 10, the routing
probabilities are important for transient congestion and processing delay.

e Scenario 3 (Graph 11 to Graph 14)

Graph 11: Effect of Arrival Rate at Node-1(A1) on mean lengths and Processing Delays of each node and Central

Server.
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Interpretation: With an increase in A1 it is observed that
»  The Mean Buffer Occupancy increases mainly at Node-1, because A1 represents the external arrival rate
at Node-1. The Central Server also shows some increase because a portion of tasks completed at Node-1
is routed to the Central Server for further processing. The effect on Node-2 is very small because A1 is not
directly related to Node-2 arrivals.
»  The Mean Processing Delay increases mainly at Node-1, while the Central Server shows a slight increase
due to routed workload from Node-1. Node-2 remains almost unchanged. Thus, Graph 11 indicates that

increasing A1 increases workload accumulation and delay primarily at Node-1 and partially at the Central
Server.

Discussion: Graph 11 shows that increasing the arrival rate A1 mainly increases the Mean Buffer Occupancy and
Mean Processing Delay at Node-1. This is because A1 directly controls the number of tasks entering Node-1. The
Central Server is also slightly affected due to tasks routed from Node-1 after service, while Node-2 remains almost
unchanged. Thus, Graph 11 indicates that higher arrivals at Node-1 increase workload accumulation and delay
mainly at Node-1 and partly at the Central Server.

Graph 12 : Effect of Arrival Rate at Node-1(A2) on mean lengths and Processing Delays of each node and Central
Server
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Interpretation: With an increase in A2, it is observed that

» The Mean Buffer Occupancy increases mainly at Node-2, because A2 represents the external arrival rate at
Node-2. The Central Server also shows a slight increase because some completed tasks from Node-2 are
routed to the Central Server for further processing. The effect on Node-1 is very small because A2 is not
directly related to Node-1 arrivals.

» The Mean Processing Delay increases mainly at Node-2, while the Central Server shows a slight increase due
to routed workload from Node-2. Node-1 remains almost unchanged. Thus, Graph 12 indicates that increasing
A2 increases workload accumulation and delay primarily at Node-2 and partially at the Central Server.

Discussion: Graph 12 shows that increasing the arrival rate A2 mainly increases the Mean Buffer Occupancy and
Mean Processing Delay at Node-2. This is because A2 directly represents the task arrival rate at Node-2. The
Central Server is also slightly affected due to routed tasks from Node-2, while Node-1 remains almost unchanged.
Thus, Graph 12 indicates that higher arrivals at Node-2 increase workload accumulation and delay mainly at Node-
2 and partly at the Central Server.

Graph 13: Effect of service rate at node-1(pu1) on mean lengths and Processing Delays of each node and Central

Server.
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times
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Interpretation: With an increase in p1 it is observed that

» The Mean Buffer Occupancy decreases mainly at Node-1, because p1 represents the service rate of Node-
When the service rate increases, tasks are processed faster at Node-1, so fewer tasks remain waiting in
the buffer.

» The Mean Processing Delay also decreases mainly at Node-1, because faster service reduces the waiting
and processing time for tasks at that node. The Central Server may show a slight change because some
tasks completed at Node-1 are routed to the Central Server. The effect on Node-2 is very small because
ul is not directly related to the service mechanism of Node-2.

Discussion: Graph 13 shows that increasing the service rate p1 mainly reduces the Mean Buffer Occupancy and
Mean Processing Delay at Node-1. This happens because higher service rate allows Node-1 to process tasks faster,
reducing queue buildup and delay. The Central Server shows only a slight change due to routed tasks from Node-
1, while Node-2 remains almost unaffected. Thus, Graph 13 indicates that improving ul enhances performance
mainly at Node-1.

Graph 14: Effect of service rate at node-2(u2) or on mean lengths and Processing Delays of each node and
Central Server
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Interpretation: With an increase in p2 it is observed that
» The Mean Buffer Occupancy decreases mainly at Node-2, because p2 represents the service rate of Node As
the service rate increases, tasks are processed faster at Node-2, so fewer tasks remain waiting in the buffer.
» The Mean Processing Delay also decreases mainly at Node-2, because faster service reduces the waiting and
processing time for tasks at that node. The Central Server may show a slight change because some tasks
completed at Node-2 are routed to the Central Server. The effect on Node-1 is very small because p2 is not
directly related to the service mechanism of Node-1.

Discussion: Graph 14 shows that increasing the service rate p2 mainly reduces the Mean Buffer Occupancy and
Mean Processing Delay at Node-2. This is because higher p2 allows Node-2 to process tasks faster, reducing queue
buildup and delay. The Central Server shows only a slight change due to routed tasks from Node-2, while Node-1
remains almost unaffected. Thus, Graph 14 indicates that improving p2 enhances performance mainly at Node-2.

e Scenario 4 ( Graph 15 to Graph 18)

Graph 15: Effect of Balking Rate 1-b1 on mean lengths and Processing Delays of each node and Central Server.
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Interpretation: With an increase in (1-b1), it is observed that

» The Mean Buffer Occupancy decreases mainly at Node-1, because b1 is related to the task-entry or balking
behaviour at Node-1. The decrease indicates that fewer tasks remain accumulated in the buffer, reducing
congestion at Node-1.

» The Mean Processing Delay also decreases primarily at Node-1, indicating that the tasks are subjected to less
delay when the workload accumulation is less. Some tasks may be sent to the Central Server after service, which
may cause a slight change in the Central Server. Effect on Node-2 is very small as there is no direct relation with
(1-b1) on Node-2.
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Discussion: Graph 15 shows that variation in (1-b1) mainly affects Node-1. As (1-b1) increases, the Mean Buffer
Occupancy and Mean Processing Delay decrease mainly at Node-1, indicating reduced workload accumulation and
faster task processing. The Central Server shows only a slight change due to routed tasks from Node-1, while Node-
2 remains almost unaffected. Thus, Graph 15 suggests that the task-entry or balking-related behaviour at Node-1
plays an important role in controlling congestion and delay at that node.

Graph 16: Effect of Balking Rate 1-b2 on mean lengths and Processing Delays of each node and Central Server.
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Interpretation: With an increase in (1-b2), it is observed that

» The Mean Buffer Occupancy decreases mainly at Node-2, because (1- b2) is related to the task-entry
or balking behaviour at Node-2. This indicates that fewer tasks remain accumulated in the buffer at
Node-2, reducing congestion at that node.

» The Mean Processing Delay also decreases mainly at Node-2, showing that tasks experience less delay
when workload accumulation is reduced. The Central Server may show a slight change because some
tasks from Node-2 are routed to the Central Server after service. The effect on Node-1 is very small
because (1-b2) is not directly related to Node-1.

Discussion: Graph 16 shows that variation in (1-b2) mainly affects Node-2. As (1-b2) increases, the Mean Buffer
Occupancy and Mean Processing Delay decrease mainly at Node-2, indicating reduced workload accumulation and
lower delay. The Central Server shows only a slight change due to routed tasks from Node-2, while Node-1 remains
almost unaffected. Thus, Graph 16 suggests that the task-entry or balking-related behaviour at Node-2 plays an
important role in controlling congestion and processing delay at that node.

Graph 17: Effect of Reneging Rate 1 on mean lengths and Processing Delays of each node and Central Server
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Interpretation: With an increase in &1, it is observed that

» The Mean Buffer Occupancies at Node-1, Node-2, and the Central Server remain almost unchanged, with
only a very slight decreasing tendency. This shows that increasing &1 has very little effect on workload
accumulation under the selected parameter values.

» The Mean Processing Delays also remain nearly constant at all three service stations. Since §1 represents
reneging at Node-1, its effect is mainly expected at Node-1; however, the graph shows that this effect is
very small. Thus, it indicates that variation in §1 does not significantly reduce transient congestion or
processing delay in this scenario.

Discussion: Graph 17 shows that increasing the reneging rate &1 has very little effect on the system. The Mean
Buffer Occupancies and Mean Processing Delays at Node-1, Node-2, and the Central Server remain almost constant,
with only a slight decreasing tendency. This indicates that reneging at Node-1 does not significantly reduce
workload accumulation or processing delay under the selected parameter values. Thus, Graph 17 suggests that §1
has only a minimal influence on transient congestion in this scenario.

Graph 18: Effect of Reneging Rate §2 on mean lengths and Processing Delays of each node and Central Server
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Interpretation: With an increase in £2, it is observed that
» The Mean Buffer Occupancy decreases mainly at Node-2, because £2 represents the reneging or
abandonment rate of waiting tasks at Node-2. As more waiting tasks leave the queue before service, fewer
tasks remain accumulated in the buffer.
» The Mean Processing Delay also decreases, primarily at Node-2, as a result of the reduced build up of a
queue, thus reducing delay. There might be a slight change on the Central Server due to the tasks that are
routed from Node-2 and Node-1 is only slightly affected.

Discussion : As seen in Graph 18, the reneging rate (§2) is mainly decreasing the Mean Buffer Occupancy and Mean
Processing Delay at Node-2. This happens because there is a lesser number of waiting tasks in the queue which
means there is less workload build up and delay. Only a slight change can be seen for the Central Server as the
tasks are routed from Node-2 and a minimal change is seen for Node-1. Therefore, Graph 18 shows that (§2) is
mainly for congestion control at Node-2, but it could also mean task loss in delay sensitive systems.

Conclusion

The present study developed a transient queueing framework for analysing congestion, workload propagation,
and task abandonment in a finite-capacity multi-node computer network. The proposed M/M/1 Jackson-type
queueing network consists of two processing nodes and one central server, where tasks may arrive externally,
receive service, be routed to the central server, or abandon the system due to balking and reneging. The transient
state probabilities were formulated using Kolmogorov forward differential equations and solved numerically
through the fourth-order Runge-Kutta method.
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As observed from the numerical results, it can be seen that the expected buffer occupancies and mean processing
delays increase throughout the transient period which shows progressive accumulation of workload in the
network. The central server is the most congested of the service stations since it receives direct external arrivals
in addition to tasks that are passed on from Node-1 and Node-2. This indicates that the proposed network
structure has the central server as the main congestion point.

The sensitivity analysis also reveals that increasing the arrival rate and the probability of routing leads to higher
buffer occupancy and higher processing delay while increasing the service rate leads to lower buffer congestion
and higher processing efficiency. The results also show that the balking and reneging parameters lead to a decrease
in the number of waiting tasks, in the processing delay, but in real computing systems this can also imply a loss of
tasks, a timeout occurrence, or a decrease in the number of completed services. Hence, the influence of impatience
parameters should be taken from both congestion-control and service-quality points of view.
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